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Abstract 

In the collision detection literature, use of ellipsoidal fits has been successfully 

made to accelerate the detection beyond polyhedron based methods [12], [4]. In 

this paper, we propose some improvements to the state-of-the-art work of this 

methodology [4]. These improvements are made in the following three respects 

that are crucial to the overall performance of a collision detector. First, ob-

ject-modeling robustness is enhanced by adopting a recent reliable algorithm for 

computing the maximum-volume inscribed ellipsoid [14]. Second, detecting ef-

ficiency is furthered by avoiding reference to polyhedral models. Third, detecting 

accuracy is also improved by a correction of ellipsoidal overlap checking. These 

improvements have been verified by extensive numerical experiments using 

randomly generated convex polyhedra. 



1 Introduction 

In robotics and computer graphics, it is frequently required to automatically gen-

erate a path for mobile objects to move from one configuration to another. In or-

der for the generated path to be practical, overlaps among all mobile or station-

ary object models have to be avoided. These overlaps are what we mean by col-

lisions in this paper. A collision detector helps a path planner to find a colli-

sion-free path to the desired configuration. Since collision detection is to be per-

formed for each intermediate configuration along each candidate path, the effi-

ciency of the collision detector greatly determines that of the path planner. 

Therefore, collision detection should be as efficient as possible, especially in the 

case of real-time path planning.  

Collision detection is closely related to distance computation; when a dis-

tance-computing algorithm takes into account the zero distance between over-

lapping objects, collision detection can be achieved by checking a zero distance 

reported by the algorithm. With objects modeled as unions of convex polyhedra, 

an efficient algorithm for distance computation without separation assumption 

was developed by Gilbert et al. [2], known as the GJK algorithm. Later, full ad-

vantage of the polyhedral convexity was taken by two distance-computing algo-

rithms to exhibit constant-time complexity: One is a slightly modified version [1] 

of the GJK algorithm and thus inherits the applicability to collision detection; the 

other assumes the separation between convex polyhedra and uses Voronoi re-

gions to search for the closest feature pair [8].  

In the collision detection literature, most of the recent works focus on the use 

of bounding volumes or spatial subdivisions to further speed up collision detec-



tion. A bounding volume for an object model is a simple geometric primitive that 

contains the model; a spatial subdivision decomposes the space occupied by each 

object model into a three-dimensional array of repeating cells. The simplicity of 

bounding volumes always makes overlap checking among them extremely fast. 

Before exact collision checks are performed for objects, overlaps among their 

bounding volumes or cell collections are first checked, thereby saving the colli-

sion check between each pair of objects whose respective bounding volumes or 

cell collections are disjoint. For instance, Hubbard [3] assumes bounded accel-

eration and uses a space-time bound for the upcoming motion of each object to 

focus on the objects that are likely to collide. He also uses a hierarchy of ap-

proximating spheres to perform collision detection with scalable accuracy.  Po-

namgi et al. [10] use axis-aligned bounding boxes to prune down the number of 

collision checks, extend the distance calculation algorithm in [8] to collision 

(penetration) detection between convex hulls of nonconvex polyhedral models 

by introducing pseudo-internal Voronoi regions, and exploit a hierarchy of, again, 

axis-aligned bounding boxes to prune down the number of overlap checks in-

volving cavity features. Klosowski et al. [7] proposed an algorithm for checking 

overlap between object boundaries. They construct for the boundary of each 

polyhedral model a hierarchy of convex polytopes that have face normals from a 

small fixed set of orientations and respectively bound some subsets of the 

boundary up to its component triangles, so that the number of pairs of triangles 

that need to be checked for contact can be reduced. For the simulation of particle 

systems, Kim et al. [6] developed an approach to collision detection and reaction 

among spherically modeled objects, where the space containing the moving 

spheres is decomposed into a hierarchy of 3D grids to localize collision checks 

for acceleration.  



In contrast with most of the aforementioned works, our research has been 

focused on the way how the underlying collision detector can be accelerated 

through approximation of object shapes. In other words, we are interested in ap-

proximate collision detection, which is intended to be faster than exact methods. 

This focus is actually shared with Hubbard [3], who used a hierarchy of ap-

proximating spheres to trade detection accuracy for efficiency. Our goal has been 

to approximate a convex polyhedron with an ellipsoid, which is described by a 

single quadratic inequality and specified by invariably nine parameters—three 

for its center, three for its axis lengths, and the other three for its orientation. 

When overlap checking is done for approximating ellipsoids instead of poly-

hedra, the analytic nature of this approximating volume can save the collision 

detector from searching over such numerous features as done for polyhedra. This 

promises dramatic enhancement in the efficiency of collision detection. Use of 

this approximating volume was first made by Rimon and Boyd in [11], where the 

minimum-volume circumscribed ellipsoids (MVCEs) are computed for convex 

polyhedra. Although they dealt with distance estimation assuming separation 

between the polyhedra, their work did inspire our research on ellipsoidal fit 

based collision detection. 

Besides the MVCE, a closely-related ellipsoidal fit to a convex polyhedron is 

the maximum-volume inscribed ellipsoid (MVIE) [5]. These two fits, considered 

together, provide inner as well as outer bounds for the polyhedral boundary and 

can serve as observations for the unbiased detection of polyhedral overlaps. This 

idea was fulfilled first by Shiang et al. in [12] and later by Ju et al. in [4]; how-

ever, the online computation in [4] involves a search over polyhedral faces, as is 

opposed to the spirit of approximate collision detection and introduces a great 

degradation to the efficiency. 



In this paper, we propose some improvements, both in accuracy and in effi-

ciency, to the detector proposed in [4] and reviewed in Section 2. A similar ob-

ject model is given in Section 3, with ellipsoidal elements computed by inno-

vated methods from some recent advances in optimization. Reference to the 

polyhedral model is completely prevented in the new design of the collision de-

tector described in Section 4, as makes the main contribution to the improved 

efficiency. On the other hand, the improved accuracy results from a correction of 

the ellipsoidal overlap checking in [4]. Some implementation details and ex-

perimental results are documented in Section 5, where two variants of the new 

detector, obtained from replacing the exact ellipsoidal distance with its estimate, 

are also shown to be much more efficient with almost the same accuracy. We 

conclude this paper by summarizing the modifications made in this work for im-

proving the overall performance of ellipsoidal fit based collision detection. 

2 Review of Previous Work 

Consider the overlap detection between two convex polyhedra, 1P  and 2P . 

Denote the enclosing ellipsoid and the enclosed ellipsoid of 1P  and those of 2P  

by 1
cE , 1

iE , 2
cE , and 2

iE , respectively. Let the near points, respectively, com-

puted [11] for 1
iE  and 2

iE  be 1
iν  and 2

iν . The point at which the ray emanat-

ing from 1
iν  [resp. 2

iν ] toward 2
iν  [resp. 1

iν ] intersects the boundary of 1
cE  

[resp. 2
cE ], denoted 1

cν  [resp. 2
cν ], is computed by solving a quadratic equation. 

The point at which the ray emanating from 1
iν  [resp. 2

iν ] toward 2
iν  [resp. 1

iν ] 

intersects the boundary of 1P  [resp. 2P ], denoted 1ν  [resp. 2ν ], is computed 



by solving a linear equation for each face of 1P  [resp. 2P ]. See Figure 1 for an 

illustration of the points defined above. An overlap is reported if and only if  

( ) ( )1 2 1 2 0c c− ⋅ − ≤ν ν ν ν  

and  

( )1 2 1 1 2 2min ,c c− ≤ − −ν ν ν ν ν ν . 

Figure 1: Illustrating the points defined for our previous work. The ellipsoids on 
the left are 1

cE  and 1
iE , and those on the right are 2

cE  and 2
iE . Visually from 

left to right, the first marker is shared by 2
cν  and 1

iν , the second by 2ν  and 

1ν , the third represents 2
iν , and the fourth 1

cν . 



3 The Object Model 

Suppose that each object has already been modeled as a union of convex poly-

hedra. We append to the object model two ellipsoidal fits to each component 

polyhedron, i.e., the MVIE and the MVCE. As the configuration for mobile ob-

jects changes, these fits can be directly updated by corresponding rotations and 

translations, without recomputing from the updated polyhedra. As stated in [5], 

computation of the MVIE is the more fundamental problem because a problem 

of computing the MVCE can be reduced to one of computing the MVIE for a 

polyhedron in four-dimensional space (see Appendix B). A numerically reliable 

algorithm developed in [14] is adopted here for this key problem. Note that the 

enclosed ellipsoid heuristically computed in [4] is far from optimal. Also notice 

that the ellipsoid algorithm adopted in [11] for computing the minimum-volume 

enclosing ellipsoid fails to guarantee an answer with tolerable error, for the algo-

rithm is numerically unreliable and always diverges after a large number of itera-

tions.  

4 The Collision Detector  

The collision between two objects is detected by checking the overlap between 

any pair of respective component polyhedra of them. In turn, in the following 

two cases, the overlap between two polyhedra can be exactly detected by check-

ing that between their MVCEs or between their MVIEs. One is that the MVCEs 

are separate, where the polyhedra are certainly non-overlapping; the other is that 

the MVIEs overlap, where the polyhedra collide for sure. Ellipsoidal overlap 



checking can be performed by a straightforward extension of the ellipsoidal dis-

tance estimation results in [11] (see Appendix A), or alternatively by detecting a 

zero distance between two ellipsoids [9]. 

Apart from the aforementioned two cases, the other case is that the MVCEs 

overlap while the MVIEs are separate, where polyhedral overlap is ambiguous. 

However, if the distance (possibly negative) between the two polyhedra can be 

estimated by observing the proximity/penetration between the two 

MVIEs/MVCEs, the overlap can still be reasonably detected. Denote the MVCE 

and the MVIE of one polyhedron and those of the other polyhedron by 1
cE , 1

iE , 

2
cE , and 2

iE , respectively. Let the nearest points, respectively, computed [9] for 

1
iE  and 2

iE  be 1
iν  and 2

iν . To roughly measure the penetration depth between 

1
cE  and 2

cE , the point at which the ray emanating from 1
iν  [resp. 2

iν ] toward 

2
iν  [resp. 1

iν ] intersects the boundary of 1
cE  [resp. 2

cE ], denoted 1
cν  [resp. 

2
cν ], is computed by solving a quadratic equation. When the intersection among 

1
cE , 2

cE , and the line passing through 1
iν  and 2

iν , is nonempty, the distance 

between 1
cν  and 2

cν  serves as an estimate for the depth (see Figure 2), and a 

 
Figure 2: Illustrating the penetration between MVCEs. The ellipsoids on the left
are 1

cE  and 1
iE , and those on the right are 2

cE  and 2
iE . The four marked points 

are, from left to right, 2
cν , 1

iν , 2
iν , and 1

cν .  



negative distance estimate with magnitude equal to this depth estimate can be 

assigned to 1
cE  and 2

cE . As a rule of thumb, the distance between the two 

polyhedra is estimated by  

1 2 1 2

1 2 1 2

1 2 1 22
1 2 1 2

1 2 1 22

, ( ) ( ) 0
( , , , ) ,

, ( ) ( ) 0

i i c c

i i c c

i i c c
i i c c

i i c c
f

− + −

− − −

 − ⋅ − ≥= 
 − ⋅ − <

ν ν ν ν

ν ν ν ν

ν ν ν ν
ν ν ν ν

ν ν ν ν
  

where “ ⋅ ” denotes the inner product of two vectors. The resulting overall design 

of the polyhedral overlap detector is depicted in Figure 3. 

5 Implementation and Results  

To evaluate the performance of the improved collision detector, we consider a 

testing dataset with one thousand pairs of objects, for each of which collision 

detection is to be performed. Of each pair of objects, one is a convex polyhedron 

with vertices generated by randomly sampling twenty points from a unit ball 

centered at the origin and discarding those not in any subset that determines a 

plane having all the twenty points on the same side; the other is generated in the 

same way, except that the unit ball is shifted in the direction [1,1,1]  by a ran-

dom number in the interval [0,2] . As for the ellipsoidal model of each object, 

the MVIE problem is solved using the package MVE [13], with the resulting 

volume no less than 0.0001e−  times the maximum. With this dataset, experimental 

results are documented below for four distinct detectors, which are implemented 

in MATLAB 6.5 on an Intel P4 1800-MHz PC running Redhat Linux 7.1 with 

1-GB memory. 



The first detector to be evaluated is the one proposed in [4]. Table 1(a) and 

Table 1(b) show, respectively, the confusion matrix for all 1000 detection results 

and that focusing on the case where polyhedral overlap is ambiguous in terms of 

ellipsoidal overlap, i.e., where the enclosing ellipsoids overlap while the en-

closed ones are separate. Since ellipsoidal overlap checking is supposed to be 

exact, all the detection errors are supposed to occur in the ambiguous case. 

Comparison between the respective (2,1)  entries in the two matrices reveals 

that the criterion used in [4] to check the overlap between enclosing ellipsoids is 

incorrect. The average computation time of this detector is 100 milliseconds per 

object pair. 

The second detector is designed as described in Section 4. The algorithm in 

[9] is applied to ellipsoidal overlap checking and computation of 1
iν  and 2

iν , 

tolerating a nonzero angle less than 0.01 radians between the outward-directing 

Detector Output Collision No Collision

Collision 375 32 

No Collision 167 426 

(a) 

Detector Output Collision No Collision

Collision 50 32 

No Collision 5 150 

(b) 
 
Table 1: Confusion matrices for the first collision detector: (a) showing all the
1000 results (average computation time: 100 ms per check); (b) focusing on 
those in the ambiguous case (average computation time: 146 ms per check).  



tangent-plane normal at each near point and the vector from this point to the 

other near point. Two confusion matrices are similarly shown in Table 2, where 

only three errors are caused by the finite precision of ellipsoidal overlap check-

ing.  Figure 4 visualizes respective samples from the four kinds of results in 

Table 2(b). The average computation time of this detector is 46 milliseconds per 

pair. 

Detector Output Collision No Collision

Collision 515 23 

No Collision 27 435 

(a) 

Detector Output Collision No Collision

Collision 134 23 

No Collision 24 136 

(b) 

 
Table 2: Confusion matrices for the second collision detector: (a) showing all the 
1000 results (average computation time: 46 ms per check); (b) focusing on those 
in the ambiguous case (samples plotted in Figure 4; average computation time: 
75 ms per check).  



The third detector is obtained from two modifications to the second detector. 

One is the replacement of 1
iν  [resp. 2

iν ] with the near point at which the ellip-

soidal level surfaces surrounding 2
iE  [resp. 1

iE ] first touch 1
iE  [resp. 2

iE ] [11]. 

The other is the replacement of the ellipsoidal overlap checker with the one de-

scribed in Appendix A. Two confusion matrices for this detector are shown in 

Table 3. The average computation time of this detector is 10 milliseconds per 

pair. Notice here that the performance of this detector is comparable to that of the 

second one, as reveals that this substituted pair of near points is equally effective 

in measuring the proximity between the MVIEs for the purpose of polyhedral 

overlap detection. 

The fourth detector is obtained from another two modifications to the second 

detector. One is the replacement of 1
iν  [resp. 2

iν ] with the near point at which 

Detector Output Collision No Collision

Collision 524 28 

No Collision 18 430 

(a) 

Detector Output Collision No Collision

Collision 128 28 

No Collision 18 160 

(b) 

 
Table 3: Confusion matrices for the third collision detector: (a) showing all the
1000 results (average computation time: 10 ms per check); (b) focusing on those 
in the ambiguous case (average computation time: 19 ms per check).  



the line segment joining the respective centers of 1
iE  and 2

iE  intersects the 

boundary of 1
iE  [resp. 2

iE ]. The other is the replacement of the ellipsoidal over-

lap checker with a checker for the non-emptiness of the intersection among the 

two ellipsoids and the line passing through their respective centers. Two confu-

sion matrices for this detector are shown in Table 4. The average computation 

time of this detector is 10 milliseconds per pair. Again, notice here that the per-

formance of this detector is comparable to that of the second one, as reveals not 

only that this substituted pair of near points is equally effective in measuring the 

proximity between the MVIEs for the purpose of polyhedral overlap detection, 

but also the nontrivial fact that given an empty intersection among the MVCEs 

and the line passing through their respective centers, the separation between two 

polyhedra is almost certain. 

Detector Output Collision No Collision

Collision 515 23 

No Collision 27 435 

(a) 

Detector Output Collision No Collision

Collision 134 23 

No Collision 24 136 

(b) 

 
Table 4: Confusion matrices for the fourth collision detector: (a) showing all the
1000 results (average computation time: 10 ms per check); (b) focusing on those 
in the ambiguous case (average computation time: 15 ms per check).  



6 Conclusion 

In this work, the following modifications have been made to ellipsoidal fit based 

collision detection to effectively improve both the efficiency and the accuracy:  

1. using the maximum-volume inscribed ellipsoids for the enclosed fits to 

polyhedra; 

2. adopting a reliable algorithm for computing the minimum-volume circum-

scribed ellipsoids; 

3. correcting the ellipsoidal overlap checker; and 

4. preventing reference to polyhedra in polyhedral overlap detection.  

In addition, the enclosed ellipsoids considered in this paper are not assumed to 

be disjoint as in [4], and the performance of the proposed detector has been ex-

tensively evaluated with randomly generated convex polyhedra.  

A Overlap Checking between Two Ellipsoids 

Denote by 1E  and 2E  the ellipsoids between which overlap is to be checked. 

We start by checking if the center of any one is in the other. If so, they overlap 

(for their intersection contains at least the center); if not, we compute by solving 

an eigenvalue problem [11] the single point at which a certain scaled (i.e., shrunk 

or dilated from the center) version of 1E  touches 2E , and 1E  and 2E  overlap 

if and only if this point is in 1E  (the “if” part due to that their intersection con-

tains at least the touching point, and the “only if” part due to that 1E  is a subset 



of its scaled, touching version and thus cannot intersect 2E  if the touching point 

is not in 1E ).  

In the case where the center of any ellipsoid is not in the other ellipsoid, let 

1E  and 2E  be respectively described by the set 

{ }3 : ( ) ( ) 1T∈ − − ≤x x a A x aR  

and the set 

{ }3 : ( ) ( ) 1T∈ − − ≤x x b B x bR , 

where 3, ∈a b R  are their respective centers and  3 3, ×∈A B R  are symmetric 

and positive definite. Also define  
1 2 1 2− −=B A BA  

and  

( )1 2= −b A b a , 

where 1 2A  is the square-root matrix of A . Then the single point at which a 

certain scaled version of 1E  touches 2E  is given by [11] 

( ) 11 2λ λ
−−+ −a A I B b , 

where 1−=B B  and λ  is the minimal-real-part (necessarily negative real in 

this case) eigenvalue of the 6 6×  matrix  

1 2,T
− −

= − 

B I
b B b

bb B
. 



B Reduction of an MVCE Problem to an 

MVIE Problem 

Without loss of generality, suppose that the convex polyhedron whose MVCE is 

to be computed contains the origin as an interior point and has m vertices, 
3

1,..., m ∈v v R . Then it suffices [5] to compute the MVIE of the convex polyhe-

dron  

[ ]4

2

: 1,...,1 T

m

  ∈ ≤ 
  

x AxR ,  

where ≤x y  ( 2, m∈x y R ) holds if and only if { }1,...,2i ix y i m≤ ∀ ∈  and  

1 1

1 1 1 1

T
m m− − 

=  − − 

v v v v
A ,  

giving, say, the ellipsoid 
{ }4 : 1T∈ ≤x x BxR ,  

where 4 4×∈B R  is symmetric and positive definite. The desired MVCE is given 
by the intersection [11] of the ellipsoid 

{ }4 1: 1T −∈ ≤x x B xR  
with the hyperplane 

{ }4
4: 1∈ =x xR . 
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Figure 3: The polyhedral overlap detector 
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Figure 4: Visualizing a sample from each entry in Table 2(b). 
 


