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Abstract—The harmonic potential field of an incompressible fluid governed 
by Laplace equation is potential for mobile robots to generate smooth, 
natural-looking paths for obstacle avoidance. The streamlines generated by 
boundary value problem of Laplace equation have explicit or analytic vector 
field as the path tangent or robot heading specification without the waypoints. 
This paper presents an implementation of on-line obstacle avoidance system 
for nonholonomic curvature-constrained mobile robot regarded as a particle 
moving along smooth path primitives composed by streamlines. In 
combination with streamline path approaches, the proposed approach to 
generate an obstacle avoidance path satisfies nonholonomic constraint by 
pure pursuit algorithm. First, we use the potential flow field around a circle to 
derive three primitive curvature- constrained paths to avoid single obstacle. 
Furthermore, pure pursuit controller is implemented to achieve a smooth 
transition between the streamline paths in the environment with multiple 
obstacles. In addition to simulations, a proof of concept experiment 
implemented on a two-wheel driving mobile robot with range sensors 
validates that the proposed hydrodynamic path planning algorithm is able to 
on-line generate a path with a lower maximum curvature not violating 
curvature constraint to navigate smoothly and safely among multiple cylinder 
obstacles in partially unknown cluttered environments. 
 
Keywords: harmonic potential field, curvature constraint, obstacle 

avoidance,  nonholonomic mobile robot 
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1. Introduction 

Due to advances in sensing and computing technology, deployment and 
application of autonomous mobile robots are prevalent  as platforms for 
missions such as search and rescue, autonomous driving, manufacturing in 
cluttered environments [1]-[4]. Along with increasingly heavy interaction 
between human and robots, many real-time obstacle avoidance algorithms are 
designed to avoid static and dynamic obstacles in open space or in narrow 
passages, which is difficult for obstacle avoidance.   

Artificial potential field (APF) approach is one of the most well-known 
reactive on-line obstacle avoidance methods applicable in known or unknown 
environments [5]. The goal position of the robot is assigned as an artificial 



  

attractive potential and obstacles are applied as artificial repulsive forces. 
Then, the collision avoidance path is derived by using the gradient of linear 
superposition of each potential. However, by following the gradient path of 
APF,  navigation routes generated by APFs suffer from the local minima, i.e. 
positions where the gradient of APF vanishes so that the robot gets stuck there, 
thus preventing the robot from reaching the target or lower the navigation 
efficiency. In general, it is desired that no other local minima except the goal 
exists in APF so that the navigation could reach the goal. For this purpose, 
hydrodynamic or harmonic potential functions (HPFs) [7]-[9], [11], [17] are 
special types of APFs derived from the velocity potential of solution to 
boundary value problem of Laplace equation with appropriate boundary 
conditions in a computational domain. Properties of HPF such as min-max 
principle and superposition were proved in [7]. To repel from the obstacles, 
two types of boundary conditions are imposed on the solution to Laplace 
equation in a computational domain: Dirichlet type and Neumann type.  HPF 
has the property of  min-max principle, so that no local minima other than the 
goal in the interior of cluttered or bounded environments with Dirichlet 
boundary conditions (the potential on the obstacle is assigned a constant high 
value, i.e. the motion on the obstacle boundary is along the normal direction of 
the obstacle boundary/wall) or Neumann boundary conditions (i.e. the motion 
on the obstacle boundary/wall is parallel to the tangential direction of the 
obstacle boundary since the normal component is null , or the flow can not 
pass through the boundary). The gradient of HPF, or streamline, defining the 
vector field of the path at every point can be computed efficiently analytically 
for simple obstacle shape such as circle or numerically. Laplace equation in a 
computational domain could be discretized using finite difference method, 
resulting in a system of linear equations.  Numerical methods such as the 
Jacobi iteration, Gauss-Seidel iteration and SOR (successive over relaxation) 
iteration methods in grid environment, or finite element [25] can be employed 
to solve the linear equations. The gradient of the obtained potential values 
gives the streamline, or the direction of velocity at each grid [7], offering an 
explicit specification of heading of smooth, natural- looking path for 
navigation. A log-space algorithm with GPU acceleration was proposed to fix 
the numerical precision problem of numerical solution of discretized Laplace 
equation (a linear system of linear equations) via the finite difference methods 
[10] at the grid points that has nearly vanishing gradients. For path planning on 
an unstructured terrain consisting of meshes of different size and geometry, 
[25] proposed to use a graph search to generate an initial path from start to 
goal, then used streamlines to smooth the initial path. Wang et al. [16] 
introduced a reactivity parameter to adjust the amplitude of the path’s 
deflection around an obstacle and an optimal 3D path is obtained by genetic 
algorithm.  

Nonholonomic motion planning in multiple obstacles environment is 
challenging since the  motion planners have to plan the heading and the speed  
by dealing simultaneously with collision avoidance and nonholonomic 
constraint [17], in which the curvature constraint significantly restricts 
severely the allowable paths to be followed by a nonholonomic mobile robot.   
HPF-based kinodynamic motion planning [22], [26] in particular 
curvature-constrained nonholonomic motion planning, takes into account the 
robot’s dynamic capabilities and allows mobile robots to navigate safely and 
comfortably even in high speed along a streamline-based trajectory 
compatible with the kinodynamic constraints of the motion. [26] used the 
gradient of HPF as an additional input to guide the motion of a two-wheeled 
drive mobile robot based on the controller design using an invariant manifold 
to avoid the obstacle, thus extending the guidance method of [22] based on 
HPF. With the advantage of smooth trajectories generated by HPF approaches, 
Lau et al. [18] provides a streamline-based kinodynamic motion planning 
approach to avoid elliptical obstacles, guaranteeing both velocity and 
curvature are within limits by adjusting the strength of a source and a sink if a 
portion of trajectory violates kinematic constraints.   

Motion planning based on hydrodynamics applies different fundamental 
elements such as a point sink (representing the goal), a point source 



  

(representing the robot location), or a uniform flow (defined as a flow with 
constant speed) plus a doublet (representing the obstacle), and their 
superposition, to create a new HPF. An advantage is streamlines could be 
computed off-line based on prior obstacle information (distribution, i.e. shape, 
size, location and number) for simple shape such as circle in this paper. The 
path tangent or vector field at each point corresponds to the streamline of the 
flow with velocity defined by weighted superposition of velocity which is 
induced by an individual obstacle. Notably, HPF-based path planner is a 
complete [7] and anytime algorithm [10], in which the streamlines generated 
cover the free regions of the workspace. There are a few simulations showing 
that a robot modeled as a point (fluid) particle could smoothly navigate 
without collision with the (circular) obstacles [6]-[9], [11]-[15], [27], [30]  by 
following streamlines from a variety of start points. Along this line of work,  
this paper elaborates on demonstrating the potential of hydrodynamics-based 
motion planning approach for constant speed circular nonholonomic robots to 
navigate smoothly in real-world partially unknown environments cluttered 
with cylinder-shaped obstacles. An obstacle avoidance system using three 
primitive streamline-based paths and a path selection strategy is proposed and 
implemented on Dr. Robot X80 robot, which equipped with sonar and infrared 
sensors to detect the obstacles during motion. In practice, localization error 
requires the motion planner to on-line update primitive path according to the 
lateral distance-based path selection strategy.  This strategy makes the 
avoidance of small obstacle easier. For avoiding multiple obstacles, pure 
pursuit algorithm [15],[16],[17] is implemented in this paper for the purpose 
of enabling a smooth transition without violating the curvature constraint from 
the current robot position in an initially planned streamline to a selected goal 
in a new streamline between obstacles in real time.  

 The paper is organized as follows. Section II gives a brief introduction of 
a mobile robot with two independently driven wheels for the experiment. 
Section III mentions the harmonic potential field approach for avoiding 
cylindrical obstacles. Then, we propose three primitive paths based on 
streamlines and a distance-based path selection strategy of a primitive path for 
nonholonomic mobile robots. In Section IV, we propose a new real-time 
obstacle avoidance framework using primitive paths and pure pursuit 
algorithm. Comparisons and proof of concept experimental result in a simple 
environment are presented in Sec. V. Sec. VI ends with conclusion of the 
paper. 

 
2.  The Mobile Robot 

2.1. Wheeled mobile robot system 

We implemented our real-time hydrodynamics-based obstacle avoidance 
algorithm on Dr. robot X80, a wireless two-wheeled drive mobile robot 
platform. Fig. 1 shows the configuration and the front view of the mobile robot. 
The X80 mobile robot is an integrated electronic and software robotic system. 
It can be designed through a set of ActiveX control components (SDK) 
developed for C/C++.  DUR5200 Ultrasonic Sensor and GP2Y0A21YK 
Sharp Infrared Sensor are equipped on the mobile robot. The robot platform is 
further modified to equip with Laser scanner, Kinect and laptop. The 
navigation algorithm runs directly on the remote PC through wireless 
communication. 

2.2. Kinematic model 

The mobile robot is controlled by low level velocity control of two wheels 
driven by DC motors independently. Fig. 2 illustrates the kinematic model, 
where (x, y) denotes the coordinates, and θ denotes the orienation of the 
central point of the differential-drive circular mobile robot with radius rRobot. 
The kinematics describing the rolling without slipping of wheels can be 
expressed as the nonholonomic unicycle  (1). 
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that governs the flow of the non-viscous, incompressible, irrotational fluid 
particle motion at every point of the domain. A streamline indicates local flow 
direction: its tangent at every point (vector field) is in the direction of local 
fluid velocity associated with the flow defined in (2). 

 u  (2) 

We assume that the robot and the obstacle are modeled as a circle defined by 
its radius rRobot , rObstacle, respectively. The distance between the robot’s center 
and the obstacle’s center is D = DSensor + rObstacle  + rRobot, where DSensor is the 
range value measured by the sensor, rObstacle  is the radius of obstacle, and rRobot 

is the radius of the robot.Given a safety distance rSafe between a robot and an 
obstacle,  the radius of obstacle is  enlarged by taking account of the robot 
radius as rObs= rObstacle +rRobot+ rSafe. In the case of a circular robot and a 
circular obstacle, the collision free criterion for safe navigation is that the 
distance between the point robot (robot center) and the obstacle center is larger 
than Obsr . 

Consider a mobile robot at x = [x  y]T moves in the +x-axis direction with a 
forward/ longitudinal speed U to avoid a circular obstacle of radius rObstacle 
located at origin, the velocity potential field ( , )x y  can be represented as the 
superposition of an uniform rectilinear flow and a doublet [9], [14], [19]as  
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where constant A =
2Ur . According to (2), the robot’s velocity in Cartesian 

coordinates is 
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In practice (and in our experiments in Sec. V), we assume a constant 
forward speed U, so the velocity in (4) is normalized to unity while its 
direction of motion is preserved. Then, normalized velocity and acceleration 
of each point on the streamline in the uniform flow are given by (5), (6)  
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Furthermore, curvature and deviation of curvature can be derived by velocity 
and acceleration as 
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max       (9) 

Then, generate the path by velocity in (5) by numerical integration for the 
discrete-time system forwardly and backwardly. According to the curvature 
profile in Fig. 7 (b), there are extra two points with local maximum curvature 
in a single path, so the global maximum curvature of a path has to be checked 
whether curvature of a pathis within constraint after the path is generated. Fig. 
7(a) presents hydrodynamic streamline path with different curvature 
constraints. 

One characteristic of streamline path is the clearance with an obstacle. 
Besides, for paths which initial position is further than radius of obstacle from 
x-axis, it’s no need to deform the path because it can avoid obstacle straightly. 
In order to get closer to the obstacle, we translate the path by shifting the 
curvature maximum point to the (0, a). For a 2D circular obstacle, it’s able to 
pass it by opposite sides symmetrically. Therefore, we define two possible 
obstacle avoidance paths based on the obstacle’s radius and robot’s maximum 
allowed curvature, and modified paths are shown in Fig. 7 (b). Due to the fact 
that these two paths are not connected with robot’s initial position, we will use 
path pursuit strategies to pursuit these two curvature maximum paths.  

Consider the avoidance of the nearest obstacle within the sensing range  in 
front of the robot. Two curvature-constrained streamline-based turn paths 
symmetrical with respect to the line connecting robot center and obstacle 
center could be used as two primitive paths to ensure safe navigation from left 
or right side of the obstacle based on the obstacle’s radius. We search the two 
streamlines corresponding to left turn and right turn with curvature maximum 
equal to maximum curvature max . The desired streamline is obtained by 
shifting the selected streamline parallelly until its curvature maximum point 
grazes the obstacle boundary. 

Procedure 1: 

Input:Maximum allowed curvature max , radius of the obstacle a  
Output: Maximum curvature in Y-axis y 
 
//First find the point, yLow, which curvature lower than  
// Kmax by searching with a distance a along +Y-axis from 
// (0, a), and then yHighis decided by yLow a yLow-a. 
yLow =2a; 
While max(0, )yLow       // <- curvature(x, y) from (7) 

yLow yLow a   
endwhile 

yHigh yLow a   
// Curvature maximum point is found by binary search 
//  between (0, yHigh) and (0, yLow) 
While curvHigh curvLow           //  :an tolerate error 

( ) / 2y yLow yHigh   
If m ax(0 , ) >y  then yLow = y 

Else yHigh= y  end if 
end while 
return y 

 

(B) Minimum curvature turn 
We exploit the property that the deflection and curvature of a streamline 

become smaller as it is farther from the obstacle. First, search the streamlines 
whose maximum curvature is not larger than max  farther from the obstacle 
than the current streamline the robot stays to find the first streamline when 
shifted to the robot current location is collision-free. This streamline is used as 
the minimum curvature turn path.  



  

We find a path starting from current robot position that can pass an 
obstacle with minimum curvature. If we purely follow streamline path, there 
will be an unnecessary distance with obstacles. Moreover, we realize that 
when the initial moving direction far from the center of obstacle, it results in 
smaller curvature and deviation while passing the obstacle. Fig. 8 shows the 
concept of minimum curvature path. Instead of following the streamline path, 
we find the minimum- curvature path by using the streamlines farther from the 
obstacle. Firstly, we search streamline paths further from obstacle than the 
streamline the robot lies on. Then, move the streamline along with the lateral 
direction of the robot back to the robot’s start position iteratively until the path 
collides with the obstacle. After we find the minimum curvature collision free 
path, pull the path back to the robot initial position and searching is finished. 

 

 

 
Fig. 8  Concept of minimum curvature path 

Given an obstacle’s radius and robot’s maximum allowed curvature, we can 
derive three primitive paths which satisfy curvature constraints as shown in 
Fig. 9. Fig. 9  demonstrates primitive paths for various robot’s initial position 
(or relative distance to the obstacle) and curvature constraints. For all three 
primitive paths, a robot needs to keep enough distance with the obstacle to 
achieve pursuit primitive paths with stricter curvature constraint, i.e. 
lower maximum curvature. In addition, while maximum curvature constraint 
deceases, it’s more difficult to achieve primitive paths. Excessively restrictive 
curvature constraint causes no feasible solution path is found. Moreover, the 
lateral distance to the obstacle will influence the ability to find a feasible path. 

                                                            

Fig. 9    Single obstacle avoidance path for different start position and curvature maximum. Radius 
of the obstacle is 0.5 meter. Robot  forward moving direction is positive x-axis (toward right). 

 

3.3. Distance-based obstacle-avoiding path selecting strategy 

The path selecting strategy depends on the reaction distance to upcoming 
obstacle position or lateral displacement relative to the size of obstacle. The 
strategy is illustrated in the scenario of Fig. 10.The robot is initially located at 
x=-2 with different lateral distance y related to a cylindrical obstacle at the 
origin. Let b +  and bbe the points which two sharp turn paths intersect with 
the line 2x .The interval [-r, r], denoted by [d, d + ] in Fig. 10 at the 

vertical line 2x is partitioned into intervals B + ~ B by the labeled points 

x (m) 

y (m) 
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where XRobot is current robot position in global frame, and  is the heading 
angle of robot in global frame. 

The goal point , ( , )g robot g gx yx   in vehicle coordinates can be represented 
with  and   by geometry: 

 
  cos( ) 1
cos( ) 1

sin( )
sin( )

g c

g c

x r
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, where  is the angle of the arc between the vehicle and the goal. 

The subgoal point to pursuit keeps a specific lookahead distance =L
2 2

, ,g Robot g Robotx y , since nonholonomic robots cannot correct errors directly 

with respect to the nearest point on the path. The curvature   of the robot is 
defined as the inverse of radius of curvature cr , i.e. the distance between the 
origin of the robot frame and its instantaneous center of rotation. In addition, 
curvature can also be defined as the instantaneous change of the heading 
angle  ∆θ  with respect to the travel distance U·∆t in sampling time ∆t . 
Curvature then could be further related with robot’s velocity and angular 
velocity. Therefore, the angular velocity of a robot moves along a path at a 
constant speed U could be computed from the path curvature via the relation 

κ=
1

rc
=
ω

U
=

∆θ

U·∆t
, (10) 

where
2

,= g Roboty L  [20]. To satisfy the maximum allowable curvature, we 
regularize the signed curvature as 

max max( )constraints Sign if       (11) 

Thus, the motion in the local frame of the robot can be applied to command 
motion controller via the inverse kinematics of (1). The displacement ∆Xg	in 
the global frame can be derived from the displacement  ∆xRobot	in the local 
frame  

 
∆xRobot= 

-sinሺ∆θሻ
cosሺ∆θሻ

൨U·∆t,        

     ∆xg=Rሺθ+∆θሻ ∆xRobot 

(12)

 

4.3 Modification of lookahead distance based on the distance between robot 
and closet point on the path 

Lookahead distance is the only parameter in pure pursuit algorithm, and 
the reason for the lookahead distance is that nonholonomic robots cannot 
correct errors directly with respect to the nearest point on the path [19]. The 
pure pursuit procedure is summarized in Algorithm 1. Fig. illustrates the pure 
pursuit path is sensitive to the setting of lookahead distance. For the case 
presented in Fig. 13, the path with lookahead 0.5m has effective and efficient 
tracking ability. However, the path with too large lookahead distance, 1m, is 
smoother but unable to track path accuracy. On the contrary, the path with a 
shorter lookahead 0.1m responds to tracking errors quickly, but the robot’s 
motion is unstable and overdamping because of the curvature constraint. Both 
paths obtained with lookahead 1 m and 0.1 m lead to collide with the obstacle. 
In practice, we create a set of lookahead distances that range from 0.1 to 2 with 
equal interval distribution according to radius of obstacle. After calculating 
the pure pursuit path for each lookahead distance value, the shortest path is 
selected. The common practice for setting lookahead distance  takes into 
consideration its effect on path geometry and tracking performance. A longer 
lookahead distance results in smoother paths but worse tracking accuracy. In 
contrast, a shorter lookahead can reduce tracking errors more quickly. Yet, 



  

due to curvature constraint, the pure pursuit controller may not be able to 
follow steering commands, and the robot motion becomes unstable. Therefore, 
a suitable lookahead is needed for both stability and tracking performance. 

 
Fig.13.Replanning via pure pursuit paths starting from a fixed position with a set of subgoals 
determined by different lookahead distances. The pursuit paths with lookahead distance 0.1 and 
1intersect with the obstacle, while the pure pursuit path with lookahead distance 0.5 is 
collision-free. 
 

Algorithm 1: Pure pursuit streamline path 

Input:robot initial pose, target streamline path, lookahead distance, 
maximum allowable curvature 
Output:  status, pursuit path 

While (not timeoutorstatus) do 
let Rሺθሻrepresent the transformation to robot coordinate 
pClosest← {(x, y) | min{|(x, y) – poseRobot|} and (x, y) in 

 pursuit path}  
Xg← {(x, y) | min{|(x, y) – pClosest|} and (x, y) in pursuit path 

 after pClosest} 
xg,Robot←Rሺθሻ(Xg-XRobot)  (9) 

Calculate the curvature ← 2
,g Roboty L  

Regularize the curvature constraints(11) 
Set the steering angle of the robot  (12) 
Update robot’s heading direction, poseRobot 

If poseRobot and curvature == streamline path do 
status ←TRUE 
store path into pathArray 

if collide with obstacle do 
status ←FALSE 

end while 
 

 

4.4 Multiple obstacles avoidance strategies 

In an environment composed by multiple obstacles, previous researchers 
provided several different methods to create a guidance vector field. [6]-[8] 
used the weighted superposition of single obstacle. Although the sum of HPFs 
is also HPF,  hence free of  local minimum, the superposition has no guarantee 
to satisfy the curvature constraints. Hence, we propose a new avoidance  
strategy for  multiple obstacles. 

(1)Superposition of multiple obstacles 

[6]-[8] proposes a weighted velocity field which not only guarantees no 
local equilibria in the workspace, but also satisfies zero Neumann boundary 
condition on every boundary of obstacle. Following the streamline-based path 
planner, each obstacle is treated individually. The total influence of all 
obstacles in an environment with ܰ obstacles on velocity field ࢇ࢚࢚܄	can be 
expressed as the weighted sum of ܰ	velocity	fields of 		܄, … ,  for each	ࡺ܄
obstacle  

ࢇ࢚࢚܄          ൌ ∑ ܄ݓ
ࡺ
ୀ                              (13)     

where	ݓ	is the position-dependent weighting function for obstacle  i. One can 

design ݓ ൌ ∏ ௗ
ௗାௗೕ

ே
ஷ   with ݀  denoting the shortest distance between the 

robot and the obstacle i. This design makes the closest obstacle have the 
largest weight. In real-time applications, we have to calculate (130 for all of 

x (m) 

y (m) 
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