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Prologue

This paper is written in TEX eplain, for compilation using pdf.tex. This was done so that links and
colors would be available without the restrictions of LaTex.

There are some symbols used here which are not universally standard, all of which should be covered
in the appendix. The most common are the following:

XAY
for the set complement of a subset Y of a set X;
¢ and T3, respectively,
for the domain and range, respectively, of a function ¢;
?bk S) = {¢(x) :xeS}
for the image of a subset S of the domain of a function ¢;
n={1,2...n}

for the set of the first n positive integers and

xY
for the family of all functions from a set Y to a set X.

Some of the material in these papers appeared originally in http://vixra.org/abs/1306.0233 , and several

mistakes in that paper have been rectified here.
The author can be reached at KellyMack@Proton.Com .
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1. Introduction

(1.1) Purpose The purpose of the present article is to examine the essence of what has commonly
been described as a “projective line”, but which is here named a “meridian”. This shall be done in several
papers: this first paper devoted to the meridian itself, the second to the character and form of the family of
projective isomorphisms of one meridian onto another and the third to some connections between meridians
and higher dimensional projective space.

In this first paper we shall view the meridian from various points of view:
(1) as a set acted upon by a family of involutions;
(2) as a set acted upon by a 3-transitive group of permutations;
(3) as a set with a quinary operator;
(4) as an equivalence class of quadruples, relating to the cross ratio.
In the final section of this first paper we shall investigate how the existence of a certain single-valued
exponential on a meridian is characteristic of the meridian corresponding to the field of real numbers.
Most of the terminology applied here is standard, but not all. Both standard and non-standard termi-
nology is detailed in the appendix. This appendix is somewhat more encompassing than necessary for what
is required here, so that it can serve for the sequel as well. There is also an index for notation as well as the

index for terminology.

(1.2) Historical The first considerations of perspective are perhaps coeval with the development
of man’s eyesight, and records of such are traceable to antiquity.'

Some of the Renaissance painters and architects tried to organize what was then known about perspective
to aid them in their art: ezempli gratia, Filipo Brunelleshi (1337-1446), Leone Battista Alberti (1404-1472),
Piero della Francesca (1410-1492), Leonardo Da Vinci (1452-1519) and Albrecht Diirer (1471-1528).

A crucial intellectual step in understanding perspective is the conception of points at “infinity”. This
surfaced in the early seventeenth century, and manifested itself, probably independently, through the minds
of Johannes Kepler (1571-1630) and Gérard Desargues (1591-1661). The work of the latter inspired the young
Blaise Pascal (1623-1669) to write in 1639 a significant treatise on projective geometry, the mathematical
formalization of the ideas of perspective.

It was in the early nineteenth century, along with the rapid and accelerating progress of nearly all science
at the time, that interest and understanding in projective geometry again surfaced: exempli gratia, through
Gaspard Monge (1746-1818) at the turn of the century, Jean-Victor Poncelet (1788-1867) in 1822 and Jakob
Steiner (1796-1863) in 1833.

The interest in perspective, by its very nature, is geometrical. Another mathematical interest, of which
the published roots are traceable even further back into antiquity than the study of perspective, is the
solution of algebraic equations.? Perhaps the most brilliant and influential work on the subject was done by
Evariste Galois (1811-1832) during the last three years of his short life, when he developed and published
what afterwards came to be known as “Galois theory”.? Several concepts which later were to loom large

A famous projective theorem concerning hexagons was published by Pappus of Alexandria in the first half

of the fourth century AD.
Evidence of such interest is present in Babylonian clay tablets before 2000BC.
Galois died in a dual and, foreseeing his possible death, wrote a famous letter to Auguste Chevalier describing

his ideas for solving equations. The celebrated mathematician Hermann Weyl once said, “This letter, if
judged by the novelty and profundity of ideas it contains, is perhaps the most substantial piece of writing
in the whole history of mankind.”



(1.5) Projective Isomorphisms If X and Y are two projective spaces, we say that a bijection
¢|X —Y is a projective isomorphism if

$Homograph (Y) = {ponog~" :ne Homograph (X } . (1)

When X =7, a projective isomorphism is sometimes called a projective automorphism. It is easy to see
and to show that

(VneHomograph (X)) 19 is a projective automorphism of X. (2)

Sometimes the converse of (2) holds and sometimes it doesn’t.
It is evident that projective isomorphisms are collineations. If a finite dimensional projective space X
is not 1-dimensional, it can be shown that collineations are projective isomorphisms.

(1.6) Projective Automorphisms from Homogeneous Coordinates If 5 is a vector repre-
sentation of a projective space X, we shall say that the field of the vector space is a representation field
of X. One can show that any two representation fields of a projective space are isomorphic as fields. There
is a description of the general form of a projective automorphism of a projective space X in terms of the
automorphisms of the representation fields of X. To present this description, we shall introduce the idea of
“homogeneous coordinates” for projective spaces.

Let F be a field (of characteristic different from 2) and n a natural number. We shall say that a subset

n times

/_H . . .
S of F'x ... xF is n-homogeneous if no element of S has each coordinate zero,

(V(s1,-..,8n)E€S)(VkeEF) [kesy,... ksn)€ES (1)
and (V{810 8 )bt JCSHEKEF)  [ksy,. .. kesn] =t .. tn). (2)
n times

—_—~
We shall write the family of all n-homogeneous subsets of F'x ... xF by
FW. (3)

Now let V be a vector space over the field F of dimension n. We shall denote the family of all lines
through the origin o of V by

Vproj - (4)
Let [by,...,b,] is a basis for the vector space. Then there are n unique functions )\i|V<—> F such that, for
each xe€V,
X = A1 (x)-b1+... + A (x) by . (5)
We define the bijection
Un | Vieoi L {1 (%), . ., An (x) ] i x€L}EFM) (6)

Now let a be a field automorphism of F. We define a(™) |F(“) —FM) by
(VSeFM) oM (S) = {[als1),...,alsn)): (51, ..,5n) €S} (7)
Thus, relative to the given basis, each field automorphism « acts on the family of lines through the origin by

(Vn)*loa(“)oynh/pwj — Vproj - (8)
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over the landscape of mathematics, were inherent in Galois’ work: the concepts of a “group” and a “field”.
Niels Henrik Abel (1802-1829), a contemporary of Galois doing important work on the solution of equations,
also implicitly used the concept of a field in his work.*

The algebraic concept of a field is intimately related to the geometric concept of a projective space. This
was brought to light in a 1857 paper by Karl Georg Christian von Staudt (1798-1867). In his landmark book
Geometrie der Lage published in 1847, von Staudt had already laid down the first rigorous axiom system

for projective geometry, stripping away the superfluous notions of length and angle, and drawing attention
to the fundamental notions of harmonic conjugates and polarity which animate the symmetry forming the
heart of the subject. In his 1857 paper he introduced the concept of a Wurf® of which we shall have more
to say infra. These Wurfs® lead to the construction of a field and, conversely, every field arises in such a
way from some projective space. This foreshadowed a future wherein the study of projective spaces was to
proceed along two parallel paths, one employing the manipulative tools of algebra, and the other the visual
figures of geometry.

(1.3) Definition of Projective Space The algebraic path has as its foundation (along with the
concept of a field) the construct of a “vector space”. Although the inherent ideas had been around since the
early eighteenth century, the formal definition as it is today was given by Giuseppe Peano (1858-1932) in
1888. Vector spaces permeate much of present day mathematics, as well as physics and engineering. Because
of their ubiquity and familiarity, the temptation to adopt them as the vehicle of projective geometry is rather
strong.

Here is one of several possible equivalent definitions. We consider a set X and a group
Homograph (X (1)

of permutations of X such that there exists a vector space V over a field F and a bijection 3 of X onto the
family of lines through the origin o of V such that

Homograph (X :{ﬂflo$oﬁ|X9x<—>Bfl {o(t):t€P(x)}) €X: ¢ is a linear automorphism of V.}  (2)

Thus the permutations in $omograph (X) are induced by the vector space automorphisms of V applied to
the lines through the origin of V. We shall say that X is a projective space with defining family of
homographies $jomograph (X) . The function S of (2) will be said to be a vector representation of the
projective space X.

(1.4) Lines and Collineations  Suppose that S is a subset of a projective space X. It is easy to
show that if § and ~ are two vector representations of X, then Tf S) is the set of lines of a 2-dimensional
subspace of the vector space if, and only if, % (S) is as well.” Such sets S are said to be lines of X. A
bijection from one projective space X onto another Y is said to be a collineation if it sends the lines of X
to the lines of Y. If a projective space is itself a line, it is said to be 1-dimensional.

This is another example of an idea whose time had come. However it was to be in use for about 60 years
before it was finally formalized by Heinrich Martin Weber (1842-1913) in 1893. The English term “field” was
coined in the same year by Eliakim Hastings Moore (1863-1932). The German word Kdrper (meaning body
or corpus), probably more apt, was introduced by Richard Dedekind (1831-1916) in 1871, as a common term

for the two fields of real and complex numbers.
or “throw” in English.

or “Wiirfe” in _Cjerman.

By definition S (S) ={f(x):x€S}. Cf. (9.2.10).



Let 8 be a vector representation of a projective space X on V. For each x€X, the set v,0(x) is said to be
a set of homogeneous coordinates for x. When « is a field automorphism of the field F of the vector
space V, the mapping

Bro(vm) toal™ory o (9)

can without difficulty be shown to be a projective automorphism. We shall call it the projective
automorphism associated with field automorphism a and the vector representation 3. In the
case in which X is not 1-dimensional, this projective automorphism is frequently called an automorphic
collineation associated with field automorphism «.

(1.7) Anatomy of a Projective Automorphism It can be proved that every projective au-
tomorphism of a projective space X is the composition of a homography and a projective automorphism
associated with a field automorphism. This fact is sometimes viewed in the literature as being a part of
the extended fundamental theorem of projective geometry. The first form of the fundamental
theorem of projective geometry, or what we in these papers call the fundamental theorem of

projective geometry is as follows:

(1.8) The Fundamental Theorem Let X be a projective space. For any two distinct points x
and y in X, there is exactly one line

Xy (1)

containing those two points. A subset S of X is called a projective subspace of X if, for each {x,y}CX,
either x=y or the line X,y is a a subset of S. The intersection of all subspaces containing a subset A CX
will be written

AOO (2)

and is called the subspace X spanned by A or, more simply, the span of A. A subset S of X is said to
be independent if no subset of S has the same span as any of its proper subsets. A maximal independent
subset is called a simplex. A basis for X is a subset B of X such that the complement in B of every singleton
is a simplex. The dimension of a projective space is 1 less than the cardinality of a simplex. Thus the
dimension of a line is 1, and so 3 is the cardinality of a basis for a line. What follows is the fundamental
theorem:

Let {a1,...,am,} and {by,...,b,} be bases for X — then

m=n and (EI!QS|S(—>Sahomography) bi=¢(a1), bo=d¢las),..., by =¢(a,) . (3)

(1.9) Perspectivities Let X be a projective space projectively isomorphic with a projective
subspace® of a projective space Y of one dimension greater than X. Let 3 and + be projective isomorphisms
of X onto distinct subspaces of Y. Let p be any element of Y which lies on neither of the ranges 3" nor .
Given any point x€ X, the line m intersects ™ at exactly one point m A™ . The function

— ‘
Xox—=~y1(p,Bx) AT €X (1)

8 A projective subspace S of a projective space P is actually a projective space itself, where
Homograph (S)= {ng|S s o€ Homograph (P) and ¢ (S) =S}.

7



is called a perspectivity of X. A composition of perspecitivies is called a projectivity. It can be shown
that

Homograph (X) = {¢|X<—>X:¢ is a projectivity} . (2)

This fact is also considered a part of the “extended” fundamental theorem of projective geometry, and is
integral in showing the equivalence of the definition of projective space given here to the various synthetic
definitions.

(1.10) Meridians A projective space of dimension 1 is often called a “projective line”. This is
because the most well-known example may be viewed as a line, corresponding to the field of real numbers.
While suggestive, such a denomination is not optimal — for several reasons. There are other common
examples, such as finite projective spaces, and the projective space corresponding to the field of complex
numbers, which are not lines. Another reason is that even the one dimensional projective space corresponding
to the field of real numbers can be viewed as a circle instead of a line, and in some ways is more suggestively
viewed in that manner. Consequently we here adopt a different term for a one dimensional projective space:
a meridian.’

From the point of view of the definition of projective space we have just given, we may regard a meridian
as the set of lines passing through the origin of a two dimensional vector space. The synthetic definition is
not quite so obvious, as synthetic methods using lines and planes require spaces of dimension larger than 1.
We shall review and introduce several alternative methods infra.

9 The word “meridian” literally means “middle of the day”. If one were on the plane of the ecliptic at the
middle of the day, the sun would be directly overhead. A circle passing twice through the polar axis of the
earth and the line directly overhead, when viewed from below, appears as a line overhead. This line, located
on the plane “at infinity”, is called a “celestial meridian”. It of course is relative to its observer, since it
always lies directly above the observer. It is a physical example of what is here defined as a meridian.

8



2. Erlanger Definition I

(2.1) Erlanger Programm  Felix Klein (1840-1925), while working at the University of Erlangen-
Niirnberg, proposed that geometries be characterized in terms of groups G of permutations. His idea was
that each permutation of a set X amounted to changing that set so as to be viewed from a new perspective.
Thus the properties of X, which did not change after applications of these permutations, were the essential
and intrinsic properties of X (relative to G). This procedure became known as the Erlanger Programm and
has been quite successful in a number of various contexts, some not per se involving geometry. We shall
utilize this method for our initial definitions of a meridian.

(2.2) Funtion Libras!® Let X and Y be two sets. For any three bijections a, 3 and 7 of X onto
Y, we define
la,3,7] = aoBtory. (1)
A family £ of bijective functions from X onto Y will be called a function libra if

(V{8 CL) |eBrlel. (2)

For any family F of bijective functions from X onto Y, we shall write | F| for the intersection of all function
libras from X to Y which contain F as a subfamily. We say that | F|| is the function libra generated by
F.

If X =Y and the elements of F are involutions (self-inverse bijections), then
IJ_]:M = {¢10. .. O¢2n—1 :neN and {(Z)l,. .. ,¢2n_1}C]:} . (3)

In this case | F| may be a group, but not necessarily.

(2.3) Definitions Let M be a set with at least four elements. Let M be a family of non-trivial
involutions®! of M such that

(Va,feM) aofoaeM; (1)
(V{a,b,c,d} cM: {a,c}n{b,d}=0)(IlpeM) ¢la)=c and ¢(b)=d; (2)
and (Va,beM) {peM:¢p(a) =b} is a function libra of permutations of M. (3)

We shall call such a family M a meridian family of involutions of M, and M will be said to be a
meridian relative to M.

We note that, because the elements of M are self-inverse, (3) has the following consequence
VteM)(V{a,fy} CM: alt) =6(t) =v(t)) «aofoy=~ofon. (4)

For a, b, ¢ and d as in (2) we write for the function ¢ € M satisfying

(Va,feM) a)=c and b) =d. (5)

10 This is as special case of a more general “libra” which will be defined infra. The choice of the word “libra”
is due to the fact that it to some degree is an avatar of a balance or set of scales. We shall have more to say

on this in a later article.

1 GQelf-inverse permutations of M not equal to uy;.
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Two meridians M; and My, respectively, relative to meridian families M; and Ms, respectively, of
involutions, are said to be isomorphic as meridians if there is a bijection 'y|M1 < M5 such that

{ytopoy:pe My} = M;. (6)

We say that | M| (cf. (2.2.3)) is the group of homographies of M.
By a meridian basis we shall mean any subset of a meridian of cardinality 3. By an ordered meridian
basis we mean an ordered triple [a,b,c] where {a,b,c} has cardinality 3.

(2.4) Example: Field Meridian = We recall that a group is a set G with a binary operation
GxG3[x,y] —=x-y€G for which there exists e€ G such that

V{x,y,2z} CG)(A'meG) ex=xe=x, xm=mx=e and x(yz)=(xy)z. (1)

The element e is called the identity of - and the element m the inverse of x relative to -. A group and its
binary operation are called abelian if x-y =y-x for all {x,y} CG.

We further recall that a field is a set F' with one abelian group binary operation + and another binary
operation - for which there exists an element 1 of F distinct from the identity 0 of the group operation +
such that - is a abelian group operation when restricted to the cartesian product of the complement of {0}
in F with itself, and such that!'?

(V{xy2} CF) x(y+2) = (xy)+(xz). (2)

With a field F we write -x for the inverse of an element x relative to the binary operation 4, x~! for the

inverse of x relative to the operation -, and § for x-y~ 1.

Let F be a field such that 141+ 0.13 We shall say that F is a meridian field.
Let oo be any object not in F and let M be the union of F with the singleton'* {oc}. For {a,b,c,d} CF
such that a-d # b-c, the homography |M — M is defined by

x+b
i.;;_d if xeF and c-x+d 75 0;
-a,b,c,d = 5
* g if x=o00 and d#0; (3)
o0 otherwise.

Let
M= { :{a,b,c} CF and b-c+a-a#0}. (4)

It is a pedestrian exercise to show that M is a meridian family of involutions of M

(2.5) Theorem Let M be a meridian family of involutions of a set M, and let {0,1,00} be a basis
for M. Let F be the complement in M of the singleton {co}. We define

(¥ {xy} CF) xty = [0 (0 (1)

and

It is common to define x-y to be 0 if either x or y is 0. With this definition condition (2.4.2) becomes trivial

when any of x, y or z equals 0.
Thus, F is a field with characteristic different than 2.
A singleton is any set containing a single element.

10



(7 {xy} CF: o {xy}) xy = [co.05]01). (2)

Then F is a field relative to the operations + and -, and it is not of characteristic 2.

Proof. Let x and y be in F. Since leaves oo fixed and sends 0 to x4y, if follows from the
uniqueness part of (2.3.2) that

[o0,00;x+y,0| = [00,00;x,y] . (3)

Since all the constituents of [00,00;x,0[o0[00,00;0,0[0[00,00;%,0| leave oo fixed, it follows from (2.3.3) that it is
in M. We have

|O0,00;X,O|O|O0,00;0,0|O|O0,00;y,O|[y] = |OOaOO;X7O|O|OOaOO;O7O|[O] = |OOaOO;X7O|[O] =X = |00, X,y [y]

and so from the uniqueness part of (2.3.2) follows

[o0,00:%,0[0 [00,00;0,0[0 [00,005y,0] = [00,00;x,y] . (4)

We have

Py G Dy () |oo,oo;X,O|o|oo,oo;0,0|o|oo,oo;y,0|, (5)

Similar reasoning shows that, if 0¢ {x,y}, then

[00,0;xy,1] = [00,0%,y| = [00,0:x,1]0[00,0;1,1]0[00,05y,1] . (6)

For {x,u} CF such that 0% u, we define

-x = [00,00;0,0|(x) and ul= [u]: (7)
we have
x40=[00,00%,0(0) =x, u-1=[0,000,1](1) =, (8)
(-3)+x = [o,00ix,x] (0] 2B [o0,001%,0]o [0,0030,0] 0 [50,00%,0] ()
= [0,0030J0[00,0030,0] () 2T (x) =0,

u~Lu = [oo,0uLu] (1) 22O [o0,0;uT,1]o 50,0110 [50,05u, 1] (1)

(10)
= [o0,0u" T 10 [50,0:1,1] (1) 2 [oo,0u L] (ut) =1,
and furthermore, for {y,z,v,w} CF such that o& {v,w}
x+y = [00,00:x,y|(0) = [00,005y.x|(0) = y+x, uw-v=[00,0;u,v|(1) =|00,0;v,ul(1) =v-u, (11)

X+(y+z) = (o} Y 0) [56,003,0]0[50,60;0,0]0[50,00;y+7,0] (0] 2L

[o0,00:%,0[0 [00,00;0,0[0 [00,005y,0] 0 |00,00;0,0|0 |00, 00;2,0] (0) by (5) (12)

|OO’OO;X+Y7O|O|OO7OO;O?O|O|OO7OO;Z’O|[Ol ACE (0] = (X+Y)+Z7

and - (vew) = [oo,00,v-w] (1) 22O 50,051, 1] 0 [50,0;7, 1] [o0,00v-w, 1] (1) 200

[50,0;u,1]0[50,0; T, 1|0 [50,0;v, 1] 0 [50,0; 1, 1] o [o0, 0w, 1] (1) ¥ (13)

11



[50,0;u-v,1]0[50,0;1,1]0[50,0;w, 1] (1) &) {1} =(uv)w

It follows from (8) through (13) that 4+ and - are abelian binary group operations. It remains to show
the distributive property (2.4.2). Let then x, y and z be elements of F such that x and y+z are distinct from
0. We define

0= |oo,0;x,1|o|<>o,0;1,1|o|oo,oo;y,z|o|oo,0;1,1|o|<>o,0;x,1|, (14)

It follows from (2.3.1) that 6 is in M. Direct calculation shows that

floo) = oo. (15)
We have
0(0) = [00,0:%,1[o[00,0;1,1]0]00,00;y,2]0|00,0;1,1|0[00,0;x, 1] (0] = |00,0;x,1]0[00,0;1, 1|0 [00,005y, 7|0 [00,0;1,1] (00) =
[o0,0:x, 1|0 [00,0;1,1]0[00,00:y,7] (0) = [00,0:x, T]0[00,0;1,1] (y+2) = 1)

[50,0:x,1]0[50,0;7,1]0[50,0;1,y + 2|0 [50,0;1,y+2] (y+2) = [50,0:,1]0[50,0:1,1]0 [00,0; 1,y +7] (1) 22O

o0y 2] (1) =x(y+2)..

Furthermore, since (6) implies that |00,0;x,y|= [00,0;%,1|o[20,0;1,1|o[20,0;y,1], we have

0(xy) =

[00,0:x,1]0]00,0;1, 1|0 [00,005y,2| 000,01, 1|0 [0, 0%, 1|0 [00,0;%,y] 0 [00,0:x, ¥ |0 [00, 0%, 1] 0 |00,0; 1, 1|0 [0, 05y, 1] (1)

= [00,0;%,1]0]00,0;1,1|o [00,00;5y,2|0 [00,0;y,1] (1) = [00,0;%,1[0[00,0;1,1](2) = (17)

[00,0%,1]0 [50,0;7, 1] o [00,052, 1] (1) 2 [50,0:%,2] (1) = x-2.

It follows from (15) and (17) that
b =

which implies

9(0) = ooy (0) = xy+xz. 18)

From (16) and (18) follows that x-(y+2z) =x-y+x-z.

If F were of characteristic 2 and x any element of F, then

[oo,00mxx] (0) =+ = 0=[o0,0010.0] o)

and so [00,00;%,x| and [00,00;0,0| agree would agree on the two distinct points co and 0, which by (2.3.2)

would imply that [oo,00:x,x|= [00,00;0,0|. But then would leave each element of M fixed, which
would be absurd, since ¢y is not an element of M. Q.E.D.

(2.6) Example: Circle Meridian In (2.4) we extended a field by one point to construct a
meridian. One can do a similar thing with a plane to construct a “projective plane”.
Let P be a euclidean plane. For each line L in P we shall add a point co(L) to L not in P. We do this in
such a way that points co(L;] and oo(Ly) are equal if, and only if, the lines L; and Ly are parallel. The set
oo(P) of all these “points at infinity” is called the line at infinity and its union with P will be denoted by

12



P. (1)

Let C be a circle in P. Let x and y be elements of C. By X,y we shall mean the line through x and y.
If p is any point in PAC,™ and x is any point in C, then the line p,x, unless it is tangent to C, intersects C
at exactly one other point: we write

Pg (X (2)

for this other point. In the case of tangency, we define the value of (2) to be just x. It is evident that each
such function p, thus defined is an involution on C. In fact, it can be shown that the family

M(C) = {p,: pEPAC} (3)

is a meridian family of involutions. Relative to this family, C is said to be a circle meridian.

Fig. 1: Circle Meridian Involution

Each circle meridian is isomorphic to every other circle meridian as a meridian.'®

(2.7) Example: Line Meridian Let S={a,b,c,d} be a subset of P of cardinality 4. Then the
— — > = T . Lo . . .
set {a,b,a,¢,a,d,b,c,b,d,c,d} is by definition a complete quadrilateral. If two lines of this complete
quadrilateral intersect S in a common point, they will be said to be adjacent: otherwise opposite. For
— — ——
instance, the lines a,b and &,¢ are adjacent and the lines a,b and c,d are opposite.

For two distinct lines L and M in P we shall denote their point of intersection by LAM: thus
LNAM = {LAM}. (1)

15 By PAC we mean {x€P:xgC}. Cf. (8.2.15).
16 The same constructions which have here been adopted for a circle can be adduced for an ellipse, or even for

a hyperbola or parabola in P. Each meridian obtained in this manner is isomorphic to a circle meridian.
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Fig. 2: Cubic Triple of Pairs on a Line

3 3 ’ = > ’
Let L be a line in P and S as above. If we set r=a,bAL, r'=c,dAL, s=a,¢AL, s=b,dAL, t=a,dAL
—
and t'= b,c AL, then the set

{{rr b {ss 1 {t.t'}) (2)

of pairs of points on L will be called a cubic triple of pairs of points on L. It can be shown that cubic
triples which agree on five of the six involved points, must agree on all six points. Thus, if {a,b} and {c,d}
are disjoint subsets of a line L, then

(VteC)(3! [abicd|(t) eL)  {{a,b},{c,d},{t, [absc.d](t)}} is a cubic triple. (3)

It can be shown that the collection of functions thus defined form a meridian family M (L) of
involutions of the line L. Relative to this family M (L), the line L is called a line meridian. Every line
meridian in P is isomorphic to every other line meridian.

Furthermore, each line meridian is isomorphic to each circle meridian. If the circle C is tangent to the
line L, we can obtain an isomorphism as follows: if p is the point of tangency, choose q in C distinct from p
and take the function

Cox— (QXAL)€L (4)

where §,xAL=o0(L) when x=q.

14
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C L

Fig. 3: Meridian Isomorphism from a Circle to a Line

(2.8) Example: Sphere Meridian Let E denote three dimensional Euclidian space. As in P we
associate to each line L a point oo(L) distinct from E in such a way that, for two lines L; and Lo, the points
oo(Ly) and oo(Ls) are equal if, and only if, the two lines are parallel. The set

oo(E) = {oo(L):L is a line in E} (1)
is called the plane at infinity. We denote

E = EU(E (2)

and call E a three dimensional real projective space. A subset X of oo(E) is a line at infinity if
(3P aplane in E) X ={oo(L):L is a line in P}. (3)
Let now S be a sphere in E. Let L be any line in E not tangent to S, which intersects S. Then there are
two intersection points p and q. If P is the tangent plane at p and Q is the tangent plane at q, then PNQ
is called the line dual to L relative to the sphere S. Given any two lines L and M in E which do not

intersect, and any point x¢ (LUM), there exists exactly one line

D —

(L,M;x) (4)

which passes through x and intersects both L and M. If L is as above, and x is any point on S, the line
(L,PNQ;x) intersects S at another point

x (5)

(where x) is defined to be x if x is on L). The family

S = {[SiL]: L a line in P with #(LNS) =2} (6)

is a meridian family of involutions of S.}” The meridian S, relative to this family, will be called a sphere

meridian.!8

The field C of complex numbers, as is well-known, may be associated with the plane P, which is then

The expression #(LNS) means the cardinality of the set LNS. Cf. (9.5.2).
When an ordered basis [0,00,1] for S is chosen with 0 and oo at opposite ends of a diameter of S and 1

equidistant from 0 and oo, S is sometimes called a Riemann Sphere.
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called the gaussian plane G . If we add one point o©(G) , to G, we shall denote it by G . This set G may be
viewed as a meridian in consequence of Theorem (2.5). This meridian is isomorphic to the sphere meridian.
There is a classical isomorphism between these two meridians called the stereographic projection which
is described by the following figure (where p is the point on top of the sphere):

. S

—

Fig. 4: Stereographic Projection of a Sphere onto the Complex Plane

Here the complex plane runs through the “equator” of the sphere. There is another projection, analogous to
the projection of the circle given in (2.7), where the plane is tangent to the sphere.

(2.9) Fundamental Theorem Let M be a meridian family of involutions of a set M. Let {a,b,c}
and {u,v,w} be subsets of M, each of cardinality 3. Then

Floe|M]) oéla)=u, ¢b)=v and ¢lc)=w. (1)

Proof. We shall break the existence part of the problem down into the various possible special cases, and

verify that (1) holds for each case.
[Case 1: {a,bc}n{uv,w}=p]| Ifd= c¢) equals w, we let ngE. Otherwise we let

¢ = [w,v;w,wlo|u,vid,wlola,u;b,v|. (2)

Case 2: a=u and {b,c}N{v,w}=0¢] Same proof as in Case 1.
Case 3: a=u and b=v ] Same proof as in Case 1.

Case 5: a=v and {b,c}N{u,w}=¢] Let d=[aa;c,u](b) and then ¢=[uwsa,w|o[uaid,wlo[aa;c,u].
Case 6: a=v, b=w | Let ¢=|a,a;b,ulo[a,bsc,uf.
Case 72 a=v and c=w ] Same proof as in Case 5. All other cases can be subsumed by one of these

[
[
[Case 4 a=v and b=u] Same proof as in Case 1.
[
[
[

seven by permuting {a,b,c} (and {u,v,w} accordingly). Thus existence is shown.

Suppose that there are two functions ¢ and 6 sending a to u, b to v and ¢ to w. Then ¢of~! fixes all
three points a, b and c. Let us rename the ordered basis [a,b,c] as [0,1,00) and let F, + and - be as in (2.5).
Then | M| is a family of homographies. Thus there exists {p,q,r,s} CF such that = g0~ . We have

— bop-1(o POt _
o=¢ob (o] =TTy == q=o,
0o =¢pof~! (o :% = r=o0
—pop-1( P1Td_p -
and 1=¢ot (1] =T335=5 — DP=s



Consequently ¢of~1! is the identity function and so ¢ =6. Q.E.D.

(2.10) Notation  We shall find it useful in the sequel to denote the function ¢ of (2.9.1) by

: (1)

(2.11) Corollary Let M be a meridian family of involutions of a set M. Let a and b be distinct
points of M. Then

(Ve |M]: ¢(a) =band ¢(b) =a) PeM. (1)
Proof. Let c€M be distinct from a and b. By the uniqueness part of (2.9), the functions ¢ and
are identical. Q.E.D.
(2.12) Theorem Let M be a meridian family of involutions of a set M and let ¢ be a non-involution
element of || M]|. Then there exists {a,3} C M such that
¢p=aof. (1)

Proof. By hypothesis there exists meM such that m, ¢(m) and ¢o¢(m) are distinct. We have

pol¢(m),¢(m)m,gog(ml|(¢o¢(m)) =¢(m

and

polp(m),¢(m];m,$pod(ml|(é(m)) = pog(m) .

It follows from (2.11) that ¢o|¢(m),¢(m);m,¢o¢| is in is in M. Letting f=[¢(m]),¢(m);m,po¢(m]| and
a=¢o|¢(m],¢(m);m,¢op(m]|, we obtain (1). Q.E.D.

(2.13) Theorem !’ Let M be a meridian with meridian family M of involutions. Let [0,1,00] be an
ordered basis for M. Let F be the field associated with this basis as in (2.5). Let « be any field automorphism
of F and extend «a to all of M by defining a/(co)=o00. Then

« is a meridian automorphism of M. (1)

Furthermore, if ¢ is any meridian automorphism, there exists a basis and field automorphism « as in
(1) and an element ne | M] such that

o =qaon. (2)

Proof. Let 7 be any element of | M | and choose {a,b,c,d} CF such that ¢ = as in (2.4.3). If d=o,
then

aO(bOOz_l 00 :ao¢oo =aloco :oo=|a a ,ab ,o[c 7Ol 00 :la a ,ab ,|C),xx d | o) . (3)

If d#0, then

ao¢oa_loo :aO(bOQ :ag :%:laa,abpzc,adloo . (4)

If ¢-x+d # 0, then

19" This is the meridian form of the result discussed in (1.7).
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—1
aa” ' (x)+b  ala)x+alb
aogoa~(x) =aop(a~t(x =aleq T x)+d :m:'aa,abﬂC,adlx . (5)

Assertion (1) now follows from (3), (4) and (5).
Let ¢ be any meridian automorphism. Let q=¢ (0], r=¢(1) and s=¢(oo) . Let a=¢o[ ! ¥|!. Then «
is a meridian automorphism leaving 0, 1 and oo fixed. Noting that, for {x,y} CF,

aofcoxyloa™ (o) =00 and  acfxcoxyloa (a(x)) = ac[e.ccy](x) =aly),

we see that

avofoo,00x,y]oyhy ! = [00,00:0 (x) Uy [y ]

whence follows that
a(x+y) = ao[o0,00ix,¥] (0) = [00,00iyyy [x] Wy [y]]ea (0] = [e.00i0 (x] aly]] (0) = dhyy (x)+aly)  (6)

Similarly we have

OzOoofl oo) =0 and 1/)yooo¢_1 ax :ao x)=aly),

and so
whence follows that
a(xy) =aol0,00;%,y|(1) = [00,0;c [x) [y [or (1 : 1) =alx)aly (7)

From (6) and (7) follows that alF is a field automorphism. Letting n= , we obtain (2). Q.E.D.

(2.14) Projective Automorphisms of the Sphere Meridian  In contrast to the case of the
circle meridian, the sphere meridian has projective automorphisms which are not homographies. This is
connected with the fact that there is a hausdorff topology inherent in the meridian structure of the circle
meridian®®, while there is none inherent in the meridian structure of the sphere meridian. There is a topology
on S inherited from the metric on euclidian space E, but this topology cannot be obtained just by examining
Homograph (S) . However if we do apply the particular metric inherited from E to S, then we can describe
exactly the meridian automorphisms continuous relative to that topology.?!

We recall from (2.8) that S induces a duality of lines in E. There is a analogous duality of points with
planes as well. Let H be any plane in E which intersects S in more than a single point. The points of
intersection comprise a circle. At each point of that circle there is a plane in E tangent to S at that point.
The intersection {h} of all these tangent planes is a singleton, the point of which h is called the point dual
to H relative to S. This dual pair [H,h] induces an involution of which the fixed points are the
points on HNS and of which the values on other points of S are defined as follows

(vxeSAmNg)) {[Hh]x)} =xhn(SA{x}). (1)

Thus x) is the point other than x on S through which the line through x and h pierces. The

function is evidently continuous and it is not difficult to show that it is a projective automorphism of
S. In fact it can be shown that each projective automorphism of S which is continuous relative to the metric

Cf. (7.27).

There are however an uncountable number of non-continuous projective automorphisms of S.
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inherited from E is of the form ¢o , where ¢ is a homography and H is a plane which intersects S at
more than one point.??

Fig. 5: Continuous Involutive Projective Automorphism

(2.15) Theorem Let M be a meridian family of involutions of a set M. Let ¢ be in M and suppose
that ¢(m) =m for some me M. Then there is exactly one other element n of M distinct from m such that
¢(n) =n.

Proof. There can be no more than one such element n since otherwise it would follow from the fundamental
theorem that ¢ would be the identity function on M. Let a be any element of M distinct from m and let
b=¢(a). If b=a, we may let n=a. Else let nE m). We have

ngﬁ a)=b and qub =a
whence from (2.11) follows that 0¢ is an involution. Consequently
[a.a:b.b]og = po[a,ab.b]. (1)
Letting nE m), we have
¢(n :gi)om by:(l)oqﬁm :m =n.

To this purpose we note that if the automorphism ¢ in (2.13.2) is continuous, then so is the automorphism «
which comes from a field automorphism. We choose an ordered basis [0,1,00]) on S so that the field determined
by that basis corresponds to the field isomorphism. It is known that continuous field automorphisms of the
complex field are the identity function and complex conjugation. If H is the plane through S containing
the three basis elements 0, 1 and oo, it is not difficult to see that the automorphism is just complex

conjugation.
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Q.E.D.

(2.16) Definitions Let M be a meridian family of involutions of a set M. A meridian orbit is a
family {{a,b},{b,c},{c,d},{d,a}} of pairs for which there exists an element w€ || M| such that

w(a)=b, w(b)=c¢, w(c)=d and =(d) =a. (1)

Such a function 7 will be called a meridian cycle.

For any neN, we define

[ M]n = {#€||M] : ¢ has exactly n fixed points.} (2)

(2.17) Theorem Let M be a meridian family of involutions of a set M. Then
(V{{a,b},{b,c}}: {a,b,c} CM and #{a,b,c} =3)(3!deM)
{{a,b},{b,c},{c,d},{d,a}} is a meridian orbit.
Proof. Let dz b). Letting 7= o , direct computation shows that (2.16.1) holds. This

proves existence.

(1)

For any other 7 satisfying (2.16.1), |a,c;b,blo[a,b;c,d| agrees with 7 at a, b and d — and so must agree

everywhere by the fundamental theorem. It follows that

d=m(c) = |a,c;b,blo[a,b;e,d|(c) = |a,c;b,b|(d) . (2)

It follows from (2.15) that b and d are the only fixed points of . Thus d is the unique element of M
for which (2.16.1) holds. Q.E.D.
(2.18) Theorem Let M be a meridian family of involutions of a set M. Then
(v {{a,b},{b,d}}: {a,b,d} CM and #{a,b,d} =3)3! 7€ [ M]]1) 7(d)=d and 7(a)=Db. (1)
In addition,

{{a,b},{b,7(b) },{7(b),d},{d,a}} is a meridian orbit. (2)

Proof. Since [d,d;b,b| and [d,d;a,b| have only the one fixed point d in common, it follows from the fundamen-

tal theorem that if they agreed on any other point, they would be equal. It follows that |d,d;b,blo[d,d;a,b]
is in | M1, fixes d and sends a to b. This proves the existence of (1).

Suppose that 7 satisfies (1). Let c=7(b) . Since OT interchanges a and b, it follows from (2.11)
that it is an involution. Thus

d = [a,c;b,blorola,c;b,blor(d) = |a,c;b,blorola,c;b,b|(d) =

(b (d)) = [mebb] ) — [5ebb]d) =

since d is the sole fixed point of 7. Letting n=|a,c;b,blola,b;c,d|, direct calculation shows that the set
{{a,b},{b,c},{c,d},{d,a}} is a meridian orbit with meridian cycle . By (2.17.1), it follows that c is unique
with this property. Since |d,d;b,blo[d,d;a,b| can also serve for 7 in the foregoing, we have that

7(b) =c=|d,d;b,blo[d,d;a,b|(b) .

20



It follows from the fundamental theorem that 7= [d,d;b,b|o[d,d;a,b]. Q.E.D.

(2.19) Meridian Harmony Let M be a meridian family of involutions of a set M and suppose
that {{a,b},{b,c},{c,d},{d,a}} is a meridian orbit. Then the pair of pairs {{a,c},{b,d}} is said to be a
harmonic pair. The following are equivalent assertions about {a,b,c,d} C M:

{{a,c},{b,d}} is a harmonic pair; (1)
(FaeMsy) «ala)=c, alb)=b and «ald) =d; (2)
(Fre|M]1) 7(a)=b, 7(b)j=c and 7(d) =d. (3)

Proof. [(1)==-(2)] Suppose that (1) holds and let 7 be as in (2.3.1). Let 1)=|a,c;b,blomo[a,c;b,b| and
r= d) . We have

Plc)=r, ¥(b)=c, Y(a)=b and Y(r)=a
whence follows that {{a,b},{b,c},{c,r},{r,a}} is a meridian orbit. This, with (2.17), implies that r =d. Thus,

if we let a= , (2) holds.

[(2)==(3)] Suppose now that (2) holds. By (2.18) there exists 7€ |M]; such that (2.18.1) and
(2.18.2) hold. It follows from (2.17) that 7(b) =c¢. Thus (3) holds.

[(3)==(1)] This follows from (2.18.1) and (2.18.2). Q.E.D.

The following figure illustrates harmony within the context of a circle meridian. The set {{a,c},{b,d}}
is a pair of harmonic pairs and {{a,b},{b,c},{c,d},{d,a}} is a meridian orbit:

Fig. 6: Harmony on a Circle Meridian

(2.20) Mea Culpa So far as I know Jacques Tits was the first who was aware of the characterization
of a meridian presented in the present section.
Since I have not done an exhaustive search of literature on the subject, I cannot claim originality for

any of the contents contained in the present article . They merely represent my perception of the beauty of
the subject entertained.
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3. Erlanger Definition II

(3.1) Introduction  Another way of expressing the fundamental theorem is to say that | M| is
3-transitive as a group acting on M. This begs the question: “how far does a 3-transitive group G acting
on a set X go towards introducing a meridian structure on X?” It is the business of the present section to
supply an answer, but first we formalize the meaning of 3-transitive.

(3.2) Definitions Let X be a set with cardinality at least 4. By a basis for X we shall mean a
subset of X of cardinality 3.
A group G of permutations of X will be said to be 3-transitive if, for each pair {{a,b,c},{u,v,w}} of
bases of X,

(3l¢eg) ¢la)=u, ¢(b)=vand ¢(c) =w. (1)

We shall find it helpful at times in the sequel to denote the function ¢ as

: 2)

The order of an element ¢ of a group G of permutations is the least n€N such that
n times
——
¢o...0p = 1x. (3)
For a group G of permutations, we introduce the notation

(VneN) G, = {¢€G: ¢ has order n}. (4)

(3.3) Definition We shall say that a 3-transitive group G of permutations of a set X is a meridian
group of permutations of X if the following two additional conditions hold:

(¥ {ab,c} CM: #({ab,c}) =3)(316€G) dla)=b, dbj=c and ¢ '(a)=dlc (1)

and

(Vpeg: (IxeX) god(x) =x) $€0s. (2)

We note that the statement ¢~1(a) =¢(c) in (1) is superfluous, since it follows from the fact that ¢ has
order 4. We include it because is provides clarity in some of the proofs infra.

(3.4) Theorem Let M be a meridian family of involutions of a set M. Then | M| is a meridian
group of permutations.
Proof. That (3.3.1) holds follows from (2.17.1). That (3.3.2) holds follows from Corollary (2.11). Q.E.D.

(3.5) Lemma Let G be a meridian group of permutations of a set X with at least 4 elements. Let
p and q be distinct points of X. Then

(3'¢eGz) ¢lp)=p and ¢lq)=q. (1)

Proof. Let x€X be distinct from p and q. By (3.3.1) there exists a unique p€ Gy such that
plp)=x, plx)=q and plq)=p~"(p. (2)
Let y=p(q). Direct calculation with (2) shows that
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Badorx) =y, [pudorly) =x, [f¥iopp)=p and [{eplq)=q,

which, along with (3.3.2) establishes the existence of gi)zo pin Gs.
Suppose that € G, satisfies

Olp)=p and 0lq)=q
Let z=0(x) . We have
Rdaobip) =x, and [Zo0(x) =q
which by the uniqueness part of (3.3.2) implies that of=p and z=y. Consequently
0lq) =[5 3eopla) =z=0(x).

Since 6 and ¢ agree at p and q as well, it follows that they are identical. Q.E.D.

(3.6) Lemma Let « and § be distinct elements of Gy which fix a common point p. Then
(VxeM: aofi(x) =x) x=p. (1)
Proof. Let x be as in (1) and assume that x#p. Then «(x) =f(x) . Since o and f are distinct, it follows
from (3.3.2) that «(x) #x. Thus, if y=«a(x], then a(y) =8(y) and so a=/. Q.E.D.
(3.7) Lemma Let G be a meridian group of permutations of a set X with at least 4 elements. Let
p, x and y be distinct points of X. Then
(3! 7 a translation) 7(p)=p and 7(x)=y. (1)
Proof. From (3.5) follows that there exists o €Gs such that
alp)=p and aly)=y. (2)

Let an . It follows from Lemma (6) that 7 is a translation, which establishes the existence part of
(1)

Let z=7(y) . We assert that
(3p€Gs) plp) =2, plz)=y, plyl=x and plx)=p. (3)

First note that, in view of (3.3.2), both and are in Gy. Since o7 interchanges x and y, it also
is an involution. Thus

p=fiore[Tiortp) =[Fere [T p) — (NP =( — [P =p.

Letting pEO , direct calculation shows that (3) holds.
Now suppose that 6 is another translation such that #(p) =p and 6(x) =y. Let w=60(y). Proceeding as
above we obtain an element o of Gy such that

olp)=w, olw) =y, oly)=x and o(x)=p. (4)

From (3) follows

and from (4) follows



From (3.3.1) follows that o= p, which implies that w=z. Thus 7 and o agree on three points, and so are
equal. Q.E.D.

(3.8) Theorem Let G be a meridian group of permutations of a set X with at least 4 elements.
Then Gs is a meridian family of permutations of X and G= || G2 ] .
Proof. That (2.3.1) holds is evident, so we proceed to establishing (2.3.2). Let {a,b,c,d} CX be such that
a#b#c#d#a. We consider two separate cases.
[Case 1: a=c and b=d] That there exists a unique ¢ €G, such that (2.3.2) holds in this case is a conse-
quence of (3.5).
[Case 2: a#cor b#d] If ac we let d)E — otherwise we let ¢E . It follows from (3.3.2) that
¢ is an involution. That the equation in (2.3.2) holds is now trivial.
Now we shall establish (2.3.3). Let a and b be in X and let «, £ and 7 be elements of Gy, each of which
sends a to b. Again we shall treat two separate cases.
[Case 1: a#b] That both aofoy(a)=b and aofBoy(b)=a is evident. It follows from (3.3.2) that
«ofo~y(b) is an involution.
[Case 2: a=b] That aofoy(a) =Db is trivial. We must show that awoBo+ is an involution. If o= /3, this is
trivial so we may and shall presume that «# . Towards our purpose we let x be any element of X distinct
from a an define

y=aof(x), z=v(x) and (55 .
By (3.6) we have y#x. Thus §#~. That aof and do are in G; follows from Lemma (3.6). We have
aof(a) =a=doy(a)] and «aof(x)=y=7doy(x].
It follows from (3.7) that
aoff=do7y.

Consequently awofo~y =4, which is an involution.
It remains to verify that that GC |Gz2]. Let ¢ be in G. We may and shall presume that ¢ #:x . Let w
be any element of X such that ¢ (w) #w. Let x=¢(w), y=¢(x) and z=¢(y).
[Case 1: y=w] It follows from (3.3.2) that ¢ is in Go.

[Case 22 y#wand z=w| Then (bo sends w to x and x to w which, by (3.3.2), implies that a= ¢o
is in Go. Consequently ¢ = ao , which is in | G2 ] .
[Case 3: #({w,x,y,z}) =4] Then ¢ agrees with o onw, x, and y. Thus ¢ = O, and so

isin [|G2] . Q.E.D.

(3.9) Remark It is a consequence of Theorems (3.4) and (3.8) that a meridian could have been
defined as a set X of at least cardinality 4 having a meridian family of permutations. This choice would have
been more strictly consistent with the Erlanger Programm, which requires a group of permutations.

(3.10) Terminology Let G be a meridian group of permutations on a set M with at least cardinality
4. We have already appropriated the term involution for a self-inverse element of G. The general term
for any element of G with two fixed points is dilation. An element of G with one fixed point is called a
translation. We shall call elements of G which are neither involutions, dilations nor translations, pure
rotations. The following characterizations follow from the results of the present section: for ¢ € G such that

pF o1,
¢ is a pure rotation = (3{a,8}CG2) ¢=0aoB, aof#foa and (VmeM) B(m)#alm), (1)

24



¢ is a translation «——= (F{a,f}CG2)(F'meM) ¢=aof, aoff#pfoa and «(m)=Fm)=m (2)

and
¢ is a dilation <= 3)
(3meM and {«,5} C G, distinct) ¢p=aof, aof#pPoa and «(m)=pF(m)#m.

Proof. [(1) holds] Let f be a pure rotation. By (3.3.2) there exists {«,3} CGs such that ¢ =aofS. If 5 and
« agreed at any point m €M, then ¢ would have a fixed point. If @ and 8 commuted with one another, then
¢ would be an involution.

If the right side of (1) holds, than it is trivial that ¢ has no fixed point.

[(2) holds] Let f be a translation. By (3.8) we know that M is a meridian. Let m be the fixed point of
®, let n€M be distinct from m, let a=¢~!(n) and let b=¢(n) . It follows from (2.19.3) that {{m,n},{a,b}} is
an harmonic pair and so (2.19.2) implies that there exists S€ M such that S(a) =b, f(m) =n and B(n) =n.
Defining a=¢of, we have

an)=¢of(n)=¢n)=b and «a(b)=¢ol(b)=¢(al=n M> aeM

Evidently a(m) =m and, since ¢ is not an involution, we have aof# foa.

Now suppose that ¢ =«aof for {«,5} C Gy, that aof# foa and that o(m) =S(m) =m. If ¢(n) =n for
n#m, then a would equal § at n as well as m and so by the fundamental theorem would be equal. Hence
¢ is a translation.

[(3) holds] Let ¢ be a non-involutive dilation, let 0 and oo be the distinct fixed points of ¢ and let 1

be any point in M distinct from 0 and oo .Let aE and ﬁz. Then

= 01 ¢?0]) :|O7oo;1,¢ 1 |o|0,oo;],]|:o¢oﬂ7 a(0) =co=/(0

and aof# foa since ¢ is not an involution.
Finally, let ¢ =aop for {«,5} CGs, aof# foa and a(m) = S(m) # m for some m€M. Then

¢(m)=m=#a(m)=¢(a(m

and ¢ is not an involution since a an 5 do not commute. Q.E.D.
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4. Involution Libras

(4.1) Introduction Our next characterization of a meridian will be in terms of “balanced” functions
on the faces of a cube. An important part of this characterization involves a simpler sort of object which we
shall term a “libra”. The basic notion behind it is a set of scales — hence the name. For brevity however, we

shall take a short cut past the scales, leaving those for later.

(4.2) Definitions  Let L be a set and |,,] |LxLxL <L a trinary operator on L for which the
following holds:

(V{a,p}CL) |a,a,b]=b=|b,a,a| (1)
and (V{a,b,c,d,e}CL) |[|a,b,c],de|=a,b,c,de]]. (2)

Then |,,] will be said to be a libra operator and L, relative to |,,| a libra. A subset B of a libra will be
said to be balanced provided |a,b,c]| is in B whenever {a,b,c} CB.

(4.3) Theorem Let |,,| be a libra operator on a set L. Then
(V{a,b,c,e,f} CL) |a,|d,c,b],e]=]]ab,c|,de]. (1)

Proof. We have
g by (12.1) |a,b,b] by (4.2.1) la,b, [c,c,b] ] by (4.2.1) b [e,d,d]c,b] ] by (4.2.2)

|[ab,|c,d,d]],cb] 22422 | ||ab,e),dd],eb] 242D | abel,d|deb]]

whence follows

la,d.eblie] 2L ||[abe].d,[deb]][deb] e 222

|la,b,c].d,||d,c,b],|d,c,b],e]] AC DR |[a,b,c|,d,e] .
Q.E.D.

(4.4) Convention The various compositions of libra operators with libra operators, in view of
(4.2.1), (4.2.2) and (4.3.1), may be greatly simplified: we define
la,b,c,de| = ||a,b,c],de] = |a,|d,c,b],e] = |ab,|c,de]]. (1)
Each such composition may be converted to a form
la1,a2,]a3,a4,]. - - [an-2,an.1,8n .- ||| (2)
for n an odd positive integer. We shall at times adopt the abbreviation
|a1,a2,. .. ,an (3)
for (2).
(4.5) Example Let A be an affine space over a field F. Then the translations of A form a vector

space over F. The translation of a point a€ A by a vector veV is denoted by v+a. To any two distinct
points a and b in A corresponds a unique vector (which we denote by b-a) such that (b-a)+a=D>b. Then
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(V{a,b,c}CA) |ab,c] = (a-b)+c (1)

defines a libra operator. We have d = |a,b,c| precisely when the points a,b, ¢ and d describe the points of a

parallelogram.?3

[a,b,c]

Fig. 7: Affine Libra Operator

(4.6) Example We have already seen an important example in (2.2): the libra of functions.

(4.7) Theorem Let |,,| be a libra operator on a libra L and e be an element of L. Then the binary

operation
(1)

-|L><L9 (x,y] = xy=|x,ey]| €L

is a group operation on L, relative to which e is the identity and

(Vx€eL) |ex,e] is the group inverse of e. (2)

Proof. For {x,y,z} CL
(ey)za=|xey]en]| 222 xelyes)] =x(ya),
x-e=|x,e.e] by (4.2.1) o by (4.2.1) le,ex] =e-x,
xlexe] = [xe,lexe) | 222 [xee] e A o) D2
and lex,e|-x=]|ex,e],ex] by (422) le.x,|e.ex]] by (421) le,x,x| by @2l
(4.8) Theorem Let G be a group with binary operation -. Define the trinary operator
(1)

1,,]|GxGxG3abe] —sablceG .

Then |,,] is a libra operator.
Proof. For {rs,t,t,v} CG,
lr,s,s] =15 ths=r=ss"tr=s57]

and st u,v] = (s Ht)utbv=rs7 - (tu=tv) = 1,8, tu,v] ] .

Q.E.D.

(4.9) Definition  The libra operator defined in (4.8) will be called the group libra operator.

23 taken in clockwise, or counter-clockwise order.
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(4.10) Definitions A function ¢ from one libra L; into another Lo which preserves the libra
operator is called a libra homomorphism. Thus a libra homomorphism ¢ is characterized by

(V{a,b,c}CLy) |@(a),p(b),d(c)|=0¢(|ab,c]). (1)

A bijective libra homomorphism is a libra isomorphism.

(4.11) Theorem Let G and H be two groups, and let ¢ be a group homomorphism from G into
H. Then ¢ is also a libra homomorphism.
Proof. For {a,b,c} CG we have

[6(a),@(b),plc)|=¢la)(¢(b))"1¢(d) =¢(abc) =¢([ab,c]

(4.12) Definitions and Notation A libra L will be called abelian if
la,b,c] =|c,b,a] for all {a,b,c}CL. (1)

Evidently L is abelian if and only if each of its corresponding groups is abelian.

For a and b in a libra L, we define the functions
aTh | Lox— |ax,b] €L, A, | Lox— |a,bx]€Ll and ,pp | Lox< [x,a,b|€L. (2)
The functions ,p1, and ,\p, respectively, are called libra right translations and libra left translations,

respectively. When L is an abelian libra, the function ,m, will be called a libra inner involution.

(4.13) Theorem  Let |,,] be an abelian libra operation on a set L. Let IT(L) denote the set of

inner involutions on L. Then

(VoelllL)) ¢=¢, (1)
(V{a,b}CL)(A6I(L)) o(a) =b 2)
and (V{a,py}CII(L)) «ofoyell(L). (3)

Proof. For {r,s,t,u,v,w,x}CL

by (4.3.1) by (4.2.1)

0Ty (X) = [1,|1,%,8],8] = |1,[8,%,1],8] [r,r,x,8,8] ==L x,

by (4.2.1
r.r sJ by (42.1) S

YWS:L’7 )

and, if we let a=|r,u,v] and b=|w,t,s],
P304 ouTr (%) = 1,6, [vox,wu s ] 223D e 6w, [x,v,u) | ]s) 2G50

Lra LX,V,UJ ) LW,t,SH = LI‘,U,V,X,W,t,SJ = HraU,VJ 1%y Lwatast =aTb

It remains only to show that 7 is the only element of IT(L) which sends r to s. Suppose that {7, is another
such. Then s= [t,r,u], whence, for each x€L,

L’Sl) Lr’ \_r,t’xj ’uJ =

by (4.2.1)

(Ts (x) = [1,x,8] = |r,x[t,r,u] ]

I, | x,tr)u) 2283t v

[tx,u] =y (x) .
Q.E.D.
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(4.14) Definition A family IT of operators of a set S satisfying conditions (4.13.1), (4.13.2) and
(4.13.3) of (4.13) will be said to be an inner involution libra on S.

(4.15) Example and Theorem  Let M be a meridian involution family on a meridian M. For
{a,b} CM, the family

M = {(peM:¢(a) =b} (1)

b
is an abelian function libra by definition (2.3.3). By (2.3.2) and by (4.14), “M is an inner involution libra on

Map) = MA{a,b}. (2)
Let {a,b,c,d} CM. Then
asb ced

if a#b and c#d, then M and M are isomorphic as libras, (3)

asra cre
M and M are isomorphic as libras 4)

a<>b cére

and if a#b, then M and are not isomorphic as libras. (5)

Proof. Suppose first that a#b and ¢ #d. By the Fundamental Theorem there exists 1 € || M| such that
Yla)=c and (b)=d.

The function
asb c>d
M 30—y lohoype M (6)

is a libra isomorphism.

Now suppose that a=b and that c=d. By the Fundamental Theorem there exists )€ | M| such that
Yla) =c.
Again, the function in (6) is a libra isomorphism.

b
Finally we suppose that a#b and assume that there existed a libra isomorphism tv from M onto
Mc,c) - Let t€M be distinct from both a and b. Since fixes t and is an involution, it follows from

Theorem (2.15) that there would be exactly one other point ue M such that u) =u. From (2.3.1)

b
follows that [a,b;t,ulo[a,b;t,tlo[a,b;t,u] is in’M . Furthermore

[a,b;t,ulo[a,b;t,tloa,bst,ul is inaﬁ/tb and |a,bst,ulola,bst,tlo[a,bst,ul (u) = [a,b;t,ulo[a,b;t,t]|(t) = [a,b;t,uf(t) =u.

Since [a,b;t,t] and [a,b;t,ufo[a,b;t,t|o[a,b;t,u| would agree on both t and u, it follows from the uniqueness
part of (2.3.2) that

[a,b;t,t| = [a,bst,ulo[a,b;t,tlo|a,b;t,ul. (7)

Let a and 3 be the elements of M such that to(a) = and o (3] = . From (7) follows that
o (f)ow(a)ow(a)=w(F =— Poaoclf=qa.
Since 8 would fix ¢, from (2.15) follows that it would have another distinct fixed point p. Then

a(p) =poaocf(p) =pLlalp =— alp)€{c,p}.
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But a(c) =c, and so a(p) =p. It follows from the uniqueness part of (2.3.2) that o= . This however is
absurd because [a,b;t,t| and [a,b;t,u] are distinct. Q.E.D.

(4.16) Example Let C be a circle as in (2.6). Let L be a line in the projective plane P. For each
p€L, the function p is defined as in (2.6). The family {p,:p€L} is an inner involution libra on C.

P

Fig. 8: Circle Meridian Involution
If the line L intersects C, either at two points a and b, or at a point of tangency c, then then the

asb cere
corresponding inner involution meridian is either the family M , or the family M of (4.15).

(4.17) Corollary  Relative to the trinary operator
IT(L) X IT(L) % IT(L) 3 [, 3,7) < o forye IT (L),

IT(L) is a function libra.

(4.18) Theorem Let IT be a family of permutations of a set S such that

(Voell) =071, (1)

(V{a,b}CS)3'pell) ¢la)=b, (2)

and (V{a,py}CIl) «ofoyell. (3)
Let ©={aop:{a,3} CII}. Then

(V{a,B,7,0} CII: (3s€S) aofB(s) =~od(s)) aoB=ro0d, (4)

(V{a,b,c}CS)(3!,0,€0) 40(a) =b (5)

and © is an abelian group under composition. (6)

Proof. If aof(s) =~od(s), then yoaofS(s) =4(s) and so (3) and (2) imply that yoawoS=4. This (4) holds.

Let a be the function in IT which leaves a fixed and  be the one which sends a to b. Then foa(a) =b.
That Soa is unique with this property follows from (4), which proves (5).

For {«,3,7,0} CIT we have (wo)o(y0d) = (aoBov)od which is in © by (3). That coa=1g follows from
(1). For {«,8} CII, we have (aof)o(Boa)=1g by (1). Thus O is a group.

For {a,f3,7,6} C IT we have (aofoy)~t=~0Boa. By (1) and (2) this implies that
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aofoy=rofoa.
Consequently
(aoB)o(y00) = (o foy)od = (yofoa)od =~yo(forod) =vo(doao) = (yod)o(aos)
which proves (6). Q.E.D.

(4.19) Theorem  Let IT be an inner involution libra on a set S. For all {a,c} CS we shall denote
by .¢. the function in IT which sends a to ¢ and define

(V{a,b,c}CS) |ab,c] = a¢c(b (1)
Then |,,| is a libra operator on S and, for each x€S,
II>7m—m(x) €S is a libra isomorphism. (2)
Proof. Let a, b and ¢ be generic elements of S. We have
la,a,b] =.0n(a)=b and |abb|=.¢p(b)=a

by definition, which is just (4.2.1).
Let a, b, ¢, d and e be generic elements of S and let © be as in (4.18). For all {x,y} CS, let x0y be as in
(4.18.5). It follows from (4.18) that

(Vx€S) adxonpx(b)=a =—— (VXES) a¢dxopdx(b)=1p0.(b (3)
and (VXES) xpeoxda(b)=e == (VXES) xdeoxdq(b)=3bc(b). (4)

Letting u=1,0,(c) and v=460,(c), we have
LLaabchadveJ = La¢c b 7d>eJ = Lagbcobd)c C 7d>eJ by () Lbea C ,d,eJ = Luad,ej =
ade (d) = upeoudq (u by:wdee:deeobea Y ]0}’(4%6) By (8)

aby (b) = |a,b,v] = [a,b,abe | 2 [ab,cdeocdac) | = [abede (d) | = |ab,[c,d.e] |

b0aodle (c) =pba (v aPvondy (V) =

which establishes that |,,] is a libra operator.
Let x be in S and «, $ and vy be in II. Let c=v(x), b=f(c) and a=«a(b) . Then

a=.¢p, B=pp. and Y= Px.
We have
[La,ﬁﬁﬂ X :aOBO’y X :a¢bob¢C07 X :a¢bob¢coc¢x X)=a= |_37X7b7b7X7C7C7XaXJ =
LL&,X,bJ,Lb,X,CJ,LC,X,XJJ = La¢b X 7b¢c X 7C¢X X J = LO[ X 7B X),yX J

which establishes (4.2.2) Q.E.D.

(4.20) Example Let C be the circle libra in the context of (2.6). Let L be a line in the projective
plane P. As in example (4.16), the points p of L correspond to involutions p. of C in such a way that
{p oF p€L} comprise an inner involution libra. This induces a libra on the points of L. The first figure below
illustrates the induced libra on the line and how computation of the libra operation is independent of the
choice of point in C used to compute it:
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|_a,b,cj a C b L

Fig. 9: Libra on the Line Induced by a Circle

In view of Theorem (4.19), an isomorphic libra is induced on C as well. The next figure illustrates this
libra operation on C:

L2.bg)

Fig. 10: Libra on the Circle Induced by a Line
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5. Meridians on the Cube

(5.1) Introduction Consider a cube

, e, &%, @ and ¢
We shall denote by K the family of permutations of the faces of the cube which preserve the cube’s

We shall write &F for the set of faces of the cube. There are six faces

physical structure intact.

In addition we shall require other permutations of F which are not in K. We shall write the permutation
of ¥ which interchanges the green faces and leaves the others fixed by 7mg . The involutions 7y and 7g are
defined similarly. We shall write Kt for the smallest group of permutations of F containing 7w, 7a, 7a and
all the elements of K.24

It turns out that a meridian can be characterized by functions which are “balanced” in a certain sense —
and in such a way that any balanced function remains balanced when JF is permuted by any of the functions
in K. It is the purpose of the present section to show how this is done.

(5.2) Definitions and Notation Two distinct faces will be said to be opposing if they are of
the same color. Thus 7« and % are opposing faces, # and & are opposing faces, and ® and ¢ are opposing
faces. For any face F, we shall denote its opposing face by

F. (1)

Two faces will be said to be adjacent if they are distinct and not opposing.

By a half cube we shall mean a subset of F consisting of three mutually adjacent faces (thus, one face
of each of the three colors green, black and red).

Let M be a set with cardinality at least 4. By a pre-load we shall mean a function from any subset of
F into M. A pre-load is a load if its domain is all of F. We shall write

MS"
for the family of all loads. A pre-load which is constant on a half cube will be said to be singular. If a

pre-load is not singular, we shall say that it is regular.

For {a,b,c,d,e,f} CM, we denote the following pre-loads as follows:

<a,b,c,d> = {[®,a],[¢,b],[M,c],[d,d]}, (2)
<a,b,c,d,e> = {(®,al,[¢,b], (M), [&,d),Tel} (3)
and <ab,c,def> = {(®,al,[4,b],[M,.c],[dd],[Tel,[ K 1]} (4)

(5.3) Definition and Notation A sub-family I of MY will be said to be a pre-meridian family
of loads for M if the following conditions are met:2°

The generating set for K may be made much smaller of course.
In view of the second condition, the effect of the first condition is that, if two adjacent sides carry the same

value of a given load, that load is balanced if and only if the load is singular. In particular, each singular
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(V{a,b,c,d,e,f} cM: #({a,b}n{c,d})=1) <«ab,c.d,e,f>efd—={ab}n{c,d}N{ef}#0, (1)
(Vxesf)(VieKT) xefl —==xopesl (2)
and (V{a,b,e,d,e} CM: «a,b,c,d,e> is regular)(I! feM) <«a,b,c,de,f>ef. (3)

For «a,b,c,d,e> such that there exists a unique element of M such that <a,b,c,d,e, x> € fI, we denote
this element x as

C
aebl. (4)
d
Thus
C
<a,b,c,d,e,Jaebl>esd. (5)
d

One can visualize the contents of (4) as being attached to all the sides of the cube except the rear one: e
is attached to the front ¥, a is attached to the left side ¥, b is attached to the right side ¢, c is attached
to the top # and d is attached to the bottom & . The operator implicitly defined in (5) will be called a
meridian quinary operator.

In view of (2), we have

C C d a a b
aeb|=|beal=|gcp|=|ced|[=|dec|=]ceq] (6)
d d c b b a

Suppose {a,b,c,d,x} CM and {a,b}# {c,d}. If {a,b}N{c,d} =g, then <a,b,c,d,x>> is regular and so (3)
implies that there exists a unique y €M such that <a,b,c,dx,;y>e€fd. If ueM, {a,b}n{c,d} = {u} and x#u,
then (1) implies that u is the unique element of M such that <a,b,c,d,x,u>¢€f. It follows that

C

(V{a,b,c,d} CM: {a,b} #{c,d}) (MA({ab}N{c,d}))3x— [abicd|(x)=|axp|eM (7)
d
is well-defined.26
For {a,b} CM we denote
M) = MA{a,b}. (8)

A pre-meridian family I of loads for M will be said to be a meridian family of loads for M provided that

a T
(V{a,b} CM) M) X Mo p) XMap) 2 (1,8,t] — Lr,t,stE atbh|EMa,n)
S

L,,ji is a libra operator on M, p)

and

(V{a,b,c,d} CM: {a,b}n{c,d} = 0)(Vx|F>M) xef—s[abicdoxes. (10)

load is balanced.
The terminology is identical with that of (2.3). This constitutes a venial solecism however, since
we shall see infra that they mean the same when they occur in a common context.
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We note that for a meridian family of loads, it follows from (6) that the libra M, 1) specified in (9) is
abelian.

(5.4) Theorem Let fI be a meridian family of loads for M. We define
M = {[abicd]: {abed}cM  and  {ab}n{cd}=o}. (1)

Then M is a meridian family of involutions of M.

Proof. We first show that the elements of M are involutions. Let be in M for {a,b,c,d} C M. From
(5.3.9), we have

(VXEM(ap)) |a:bic,d|ofabic,d](x) = Lc,Lc,deE,dJ:

Since M(, 1, is abelian, we have Lc,x,djz = Ld,x,cjz and so the above becomes

(VXEM(ay)) [abicdofabicd](x ML&MX@JE@JEM Hc,c,sz,d,djiM =x. (2)

In view of (5.3.2) we have

[a,b;c,d| = [c,d;a,b| (3)

and so, as above,

(VXEM(C,d)) |a7b;c,d|o|a,b;c,d| X =x

which, with (3), implies that is an involution.
Next we prove (2.3.2). Let {a,b,d,e} CM be such that {a,e}N{b,d} = g. We have

b)=[bbd|"=d and d)=[b,dd]?=b. (4)

From (3) and (4) follows that
a)=e and el =a. (5)

Now suppose that ¢ € M also satisfies
ola)=e, ole)=a, o¢bj=d and ¢(d) =b. (6)

Choose {r,s,u,v} CM such that {r,s}N{u,v}=¢ and ¢= . We need to show that [r,vs,u|=[a,e;b,d|
so, without loss of generality, we may suppose that s {a,e,b,d} . As we are dealing with an involution, since

s) =u, it follows that u¢ {a,e,b,d} as well. We have
s _ s _ . _ —
La,a,eju =e and Lr,a,vJu = a)=¢la) =e.

By (4.13.2) it follows that |a,x,e]” = Lr,x,vji for all x€ M. This just means that ¢ = [r,v;s,u= [a,e;s,ul. In

S
u

similar manner we show that [a,e;b,d| = [a,e;s,ul. Putting these both together we obtain that

¢ =|r,v;s,ul = |a,e;b,d|

which establishes (2.3.2).

Now we turn to (2.3.3). Let {a,d} CM and let «, 8 and 7 be elements of M, each of which sends a to
d. Let beM be distinct from a and define
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e=«alb), m=gb) and n=~y(b).
By (2.3.2) we know that
N v T s [ R i

For x€M we have

a

b

a a a a

Bovy(x) =4 a%d a|=b.lbxn) m]’ = [[bb x|°nm]|® = |xnm]
m

whence follows that
aoﬁoy(x] = | I_X7n,mJZ| — \_b7|_XanamJ37eJZ by (4.3.1) and by (4.2.1) I_b,X, Ln,m,eJZJZ )

If c= Ln,m,ejz, this just means that aofBoy= , whence follows the conclusion of (2.3.3).
Finally we turn to (2.3.1). Let o and 8 be elements of M . Then there exists {a,b,d,e,r,s,u,v} CM such
that

A v R o

For any xeM we have

a
e ] ) — ] | 22210

\4

(§]

a
bvd
e
Setting
a a a a
d=|prd|, n=|pbsd|, P=|bud|. 4= |bvd and y = alx)
e
we obtain

m
aof(x) =[ny p|=[mgnploalx) .

d

It follows that cofoa= , which establishes (2.3.1). Q.E.D.

(5.5) Example Let L be the example of (2.7): a line meridian. Then a load x|F—Mis in A if,
and only if {{x(%) x(#)},{x (M) x (&)} {x),x(¥)}} is a cubic triple of pairs of points of L.
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6. Wurfs and the Cross Ratio

(6.1) Introduction The cross ratio of four elements w, x, y and z of a field F is defined to be

(w-y) (x-2)

(o) (wez) @)

which makes sense whenever no more than two of the elements are identical, and even when the value
oo is permitted. Its use dates back to antiquity, but it seems first in 1847 (by Karl von Staudt) to be
seriously considered in the context of a projective line, or what is here called a meridian. Since the cross
ratio is invariant under linear fractional transformations, its avatar in a meridian must be invariant under
homographies. Von Staudt’s idea was to consider ordered quadruples of points on a line, regarding any two
such quadruples as “equal”, provided there exists a homography which maps the coordinates of one to the
corresponding coordinates of another. His term for such a “quadruple” was a “Wurf”. This German word
means a “throw” or “cast” in English. We shall retain the term “Wurf” in this paper, in part because of its
closer relation to a cube, which we shall find to be of some use in the exposition here — but since this paper
is written in English, we shall drop the upper case “W” in favour of “w”.

In the present section we shall show how the meridian may be viewed in the context of wurfs and the
cross ratio.

(6.2) The Cube The word “Wurf” in German evokes its derivative “Wiirfel”, which literally means
a die?” or derivatively, a cube. In fact, a cube

offers a suggestive setting to manifest von Staudt’s idea. We proceed to analyze a cube in detail.

It has 8 vertices, 12 edges and 6 faces. Each vertex p is connected to three other adjacent vertices
directly via edges, and to a fourth vertex, its opposite vertex o, which is unique in the sense that p and
0 are on no common face. We shall call this set consisting of the three vertices adjacent to p and the
vertex opposite to p the cubic quadriad exclusive of p. The complement of this set will be called the
cubic quadriad of p. This latter terminology is justified because, for any element q of the cubic quadriad
exclusive of p, the cubic quadriad exclusive of q is precisely the cubic quadriad including p. Thus the set of
vertices of a cube is a disjoint union of the sets of vertices of two cubic quadriads.

We shall label the elements of one cubic quadriad a, b, ¢ and d. The above considerations suggest that
we then label the other cubic quadriad as a, b, ¢ and d where a is the opposite vertex of a, b the opposite
vertex of b and so on. We denote

Q = {a,b,cd}, Q= {ab,c,d} and K= QuUQ. (1)

Any two elements of a cubic quadriad determine a face: we shall write Y« for the face determined such
that

a,b,c,derk. (2)

Then the face % opposite to H< satisfies
c,d,abe. (3)

We define the notation of the other four faces as follows:

2T The singular form of the noun “dice”.
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a,c,b,ded, bdaccd, adb,ced, bycade®. (4)

I K

) o

d i

b

We now examine the permutations of the vertices of K which leave the cube intact. They can be
separated into two general types: those which leave the cubic quadriads invariant and those which interchange
the cubic quadriads. These permutations may all be realized by rotations around certain axes. By a vertex
axis we mean the a line segment with opposite vertices as endpoints. By an edge axis we mean a line
segment through the midpoints of opposite edges. By a face axis we mean a line segment with endpoints
the centers of opposite faces.

By a face involution we shall mean a rotation of 180° about a face axis. The involutions corresponding
to the face axes through »« and #, through # and & and that through ® and ¢, respectively, will be denoted

ow, om and om, (5)

respectively. These three involutions of the cube leave the cubic quadriads invariant and, along with the
identity permutation (g of the cube, form a group K4 called the Klein 4-group. A 90° rotation around a
face axis will be called a face rotation. The face rotation which leaves " and + invariant and which carries
a to d will be written

p(ad) (6)
The other six such rotations are defined analogously:
P(ac), P(ac)y P(ab)s P(ab) and P(ad) - (7)

These face rotations interchange cubic quadriads.

Rotating the cube 180° about an edge axis performs what we shall call an edge involution. If we take
the edge axis which pierces the midpoint of the edge joining a to b and the midpoint of the opposite edge
(which joins b to a), shall write the corresponding edge involution as

€(ab) - (8)
The other edge involutions are denoted analogously
€(ac), €(ad), €(bc)s €(bd) and €(cd) - 9)
We call the vertex axis through a and a
aa. (10)
The other vertex axes are denoted analogously
bbb, €c and dd. (11)

The 120° rotations about the vertex axes leave the cubic quadriads fixed. The one about the vertex axis aja
which sends b to ¢ (and b to c) will be denoted
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(asbe) - (12)

The other such rotations are denoted analogously

e(a;cb)v e(b;cd)v e(b;dc)v e(c;da)a e(c;ad)v e(d;ab) and e(d;ba) . (13)

In all, there are twenty-four of these transformations of the cube. The group R4 is normal in this
larger group of rotational transformations. This means that if we compose each element of 84 with a fixed
transformation ¢, the resulting set of four elements will be the same whether the composition takes ¢ before
or after. Such a set is called a coset of R4, and we shall list R4 and the five other cosets of R4 as a means of
describing the transformations of the cube:

14
15
16
17
18
19

{t,0m,0m,0m} ,

{0(asbey O(biea) H(c;da) O (dsba) }
{0(aseb) 0 (bdc) 0 (c;ad) P (d;ab) } 5
{P(ab),P(ac) € (be) €(ad) } »
{P(ac)P(ad) €(ab) € (cd) } 5

(14)
(15)
(16)
(17)
(18)
(19)

{P(ad) P(ab) € ac) €(bd) } -

The permutations in each of the sets (14), (15) and (16) send each cubic quadric to itself, while permutations
in the latter three sets interchange them. Thus the union of the first three is a normal subgroup. We shall
denote the group of these 24 permutations of the cube by

]. (20)

Let F denote the set of face axes, E the set of edge axes and V the set of vertex axes. Each of these sets
is left invariant by the cube transformations described above, which fact induces groups of permutations on
these sets. Since F has cardinality 3 and thus is only subject to six permutations, the correspondence from
the cube transformations is not injective. The set E has six elements and so is subject to 6! permutations:
here the correspondence is not surjective. However V has cardinality 4 and the correspondence is a bijection
of the group of physical transformations of the cube onto the group of permutations of V. For the remainder
of this section we shall commit a minor abuse of notation by viewing the elements of & as permutations of
the set V rather than the set K of vertices of the cube.

(6.3) Definition Let M be any set of cardinality at least 4. By an M-quadriad we shall mean a
function X|V‘—> M such that the cardinality of the range is at least 3. Now let G be any 3-transitive group of
permutations of M. We define a an equivalence relation ~ on the set W of all M-quadriads by

V{x,y}CW) x~y <= (Jo€fyand ¢p€§) y=¢poxoo. (1)

We write the family of all equivalence classes relative to ~ as 20. An element of 20 will be said to be a
wurf. If one member of a wurf has a range of cardinality 3, then all members of that wurf have ranges of
cardinality 3. Such wurfs will be called singular while all other wurfs will be called regular. There are
exactly three distinct singular wurfs:

b,b or x(¢c)=d,d}, (2)
, d,d} (3)

o

3 = {xeW:cither x(aa

)
)

=)
|

B = {xeW:either x(@ma)=cc or x

o
o
|
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and iz {x€W:either x(ma)=d,d or x(b,b)=c;c}. (4)

For {a,b,c,d} CM and {6,m,1,u} =V, we shall at times use the notation

(sanwy = {[6,a][ab],lmc][udl}. (5)
and the abbreviation
<a,b,c,d> = {(@a,al,(b,b,bl,(cc,cl,(d,d,d]}. (6)

When employing the above notation for a wurf, we write

<a,b,c,d>~ (7)

for the element of 2U of which <a,b,c,d> is a member. In terms of this notation we have

B = {<abcd>:a=b or c=d}, (8)
B = {<abcd>:a=c or b=d} 9)
and B = {<abcd>:a=d or b=c.} (10)

(6.4) Theorem Let {a,b,c} CM be a basis for M (no two elements of {a,b,c} are equal). Then
(VreW)(IteM) <abet>er. (1)
Furthermore,
if re {1, M, M}, then the t in (1) is unique. (2)

Proof. [Case: re] Let t=c. If follows from (6.3.8) that (1) holds and b is the only value for t for which
it does hold.

[Case: rc @] Let t=b. If follows from (6.3.9) that (1) holds and b is the only value for t for which it
does hold.

[Case: tc @] Let t=a. If follows from (6.3.10) that (1) holds and b is the only value for t for which it
does hold.

[Case: ;Q{i,i,i}] Let <p,q,r,s> be any wurf in z. Since <p,q,r,s> is regular, is an element of
G. We have

o<p,q,r,s>€x :$<a,b,c, s|>€r. (3)
Thus we may let tE s). Q.E.D.

(6.5) Notation Let G be a 3-transitive group of permutations on a set M, where M has at least
four elements. It follows from Theorem (6.4) that, for any basis {x,y,z} for M, the function

M3t < <x,y,z,t>~ €] is surjective. (1)
We shall shall denote the function of (1) by
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~Y
X y V4

a,a b,b ¢, - (2)

(6.6) Theorem Let G be a 3-transitive group of permutations on a set M, where M has at least
four elements. Then the following statements are equivalent:

(V{a,b,c} a basis in M) % blib % M <920 s a bijection, (1)
and (Vopeg: (3{a,b}CM) a#b, ¢(a)] =b and ¢(b) =a) ¢€Gs. (2)

Proof. [(1) <= (2)] Suppose first that (2) is satisfied, and let {s,t} CM be such that

~Y ~Y
a b Cc a b C
&3 b of8) = [ma b et - (3)

If % % % (t) E{i,i,i}, it follows from (6.4.2) that s=t. If % b,ib c—fc (t) Q{i,i,i}, then
{s,t}N{a,b,c} = g, and so we shall presume that this is so. There exist ¢ €G and o€ K4 such that

<a,b,c,s> = ¢o<a,b,c,t>00. (4)
If 0 =1v, then ¢ and 1) agree on three distinct points, whence follows that they are identical, and so
s=a(t) =t. (5)
If 0 =o0pw, then (4) implies
<a,b,c,s> = ¢po<b,a,t,c>=<¢(b),p(a),p(t),p(c)>. (6)

It follows in particular that a=¢(b) and b= ¢(a), which by (2) implies that ¢ =¢~'. Consequently from
(6) we have

c=0lt] = t=dlc] = t=s. Q

If o =o0g or 0 =0og, arguments analogous to that just used show that s =t in each case. Hence, in view

of (7), it follows that then function a;?., . ol is injective, and so bijective.

b,b ¢,
t (1) holds. Let a and b be distinct elements of M and ¢ an element

[(1)==(2)] We now suppose tha
of G such that

(a)=b and ¢(b)=a. (8)

Let t be any element of M not in {a,b}. Let c=¢(t) and assume that t # ¢ (c) . Then

~J
a b C ~ ~ ~
&7 b,b oot =<ab,cet>T = (¢po<a,b,c,t>)” =<b,a,p(c),c>~ =

(<b,a,p(c),c>00m)™ =<a,b,c,d(c)> =|am 55 | (@[c))

which violates (1). It follows that t = ¢(c), which implies that ¢ €Gs. Q.E.D.

(6.7) Corollary  Let M be a set with at least four elements and let G be a 3-transitive group of
permutations of M such that (6.6.2) holds. Define
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~

~J
a b c

-1
6 ={zz5, @ow :{a,b,c} and {u,v,w} are bases for M} (1)

Then & is a group isomorphic with G and M is isomorphic with 20 in the sense that there exists a bijection
| M < 20 such that

g = {¢_lofoz/}:f€®}. (2)

~Y
a b c

Proof. Let a, b and c be pairwise distinct elements of M and define ¢ to be |z= 5,5 &9 Q.E.D.

(6.8) Discussion  One readily checks that, for any ¢ in &,
(Vx and y M-quadriads) ¢ (x)~¢(y) «—sx~y. (1)
Thus, to each ¢ € 8 corresponds a unique function
G| such that (VweW)(VxeEw) xop€d(x) . (2)
It follows from the definition of the equivalence relation ~ that
(VoeRy) o=1ay. (3)

Consequently, if o and § are elements of the same coset (where the cosets are given in (6.2.14)-(6.2.19), then

~

a=p. (4)
Thus, if we choose one element from each coset, we shall obtain a group of permutations 20:
{Lae(a;bc) ae(a;cb) aﬁ(ab) 75(&1(‘,‘) 7b(ad)} . (5)

For reference we compute for any M-quadriad <a,b,c,d>

<a,b,c,d>0f(45bc) = <a,c,d,b> and 5(a;bc) <a,b,c,d>~) =<a,c,d,b>~, (6)

<a,b,c,d>0f(4;ch) = <a,d,b,c>  and g(a;cb) <a,b,c,d>~) =<a,d,b,c>™, (7)

<a,b,c,d>0p(apy =<b,d,a,c> and  peap)(<a,b,c,d>) =<b,d,a,c>™, (8)

<a,b,c,d>0p(ac) =<c,d,ba>  and  prap) (<a,b,c,d>™) =<c,d,ba>™, (9)

and <a,b,c,d>0p(aqy =<d,a,b,c> and  paqy(<a,b,c,d>”) =<d,a,b,c>™ . (10)
Also for reference we compute for any M-quadriad <a,b,c,d>

<a,b,c,d>oog =<d,a,c,b>, (11)

<a,b,c,d>oog =<c,d,a,b> (12)

and <a,b,c,d>oog =<b,a,d,c>. (13)

(6.9) Theorem Let M be a set with at least four elements and let G be a 3-transitive group of
permutations of M such that (6.6.2) holds. Then

(VoeW) ¢eo. (1)
Proof. We shall prove the theorem for ¢ = ,B(ad). The proofs for the other cases are analogous.
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Let {a,b,c} be a basis for M. Let ¢ be any element of 25. By (6.6.1) there exists a unique t such that
<a,b,c,t>€r. We have

5(ad) {ZCJ :ﬁ(ad) {<a,b,c,t>~} by (6:810) <taaab,C>N 7}3}, (511

~ o ~__([abc ab C ~__
<t,a,b,c>~oog = <c,b,a,t> —(O<a,b,c,c boallt)>)~ =
~Y ~Y ~Y ~Y
¢c b 3l abec ¢ b a1 ~ | &b 2l abec c b ah_1,
55 5,5 52 b al°(&a 5,5 &7)  (<a:b,e,t>)™) =|sm 55 5°|c b 8057 b5 we) (F) -

Consequently paqy = fa 5 5c%e b aof B o
Q.ED.

a,a b’b c,C

f
| =

=2

)~1. It follows from (6.7.2) that the latter is in &.
(6.10) Theorem

Let M be a set with at least four elements and let G be a 3-transitive group of
permutations of M. Then necessary and sufficient conditions for G to be a meridian group of permutations
are

(VopeG: (3{a,b}CM) a#b, ¢(a) =b and ¢(b) =a) ¢€Gy (1)
and (AweGy) wml =M and w(@=H.

(2)
Proof. Suppose first that G is a meridian group of permutations of M. Recalling that M is meridian isomor-

phic with 20, we see that (1) holds follows from (3.3.2) and that (2) holds follows from (3.3.1).
Now suppose that conditions (1) and (2) hold. That (3.3.2) holds follows from (1), so we need only

establish (3.3.2). Let then a,b and ¢ be distinct elements of M. Let a be a meridian isomorphism from M
onto 20. Since G is 3-transitive, there exists an element v€ G such that

yia) =o' (W), ybl=a"' (W) and lc)=a"' (M.

Letting ¢p=~"towo~, we see from (3) that (3.3.1) holds. Q.E.D.

(6.11) Definition

3)

Let M be a set with at least four elements and let G be a meridian group of
permutations of M. For any basis {u,v,w} of M the function

~

-1

W3 (a,b,c,d] z—> (<ab,c,d>~) €M

will be called a cross ratio on M.

(1)

equivalent:

(6.12) Theorem Let x be a cross ratio on M, where M is a set of cardinality at least 4 and G is a
meridian group of permutations of M. Let ¢|M < M be a bijection. Then the following two statements are

$€G;
(V{a,b,c,d} CM: <a,b,c,d>eW)

(1)
r((a,b,e,d]) =kll(ola),0(b),plc),@(d]]). (2)
Proof. That (1) implies (2) follows directly from the definition of ~

Suppose that (2) holds. Let {u,v,w} be the basis of M such that

~

-1

k(la,b,c,d]) : o<a,b,c,d> for every M-quadriad {a,b,c,d} .
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Let t be any element of M. Then

Lol 60v) o] Wl () 6(v) )| V)l ln) 6s) olw)] (W)ifslu) o(v) olw)](B)>= (4)
<GB (V) D Wil4 () olv) olw)|(t)>
From (4) follows that
<V, w0~ = <G ()0 (V)0 (W4 () blv) olw |87 (5)

On the other hand we have

k()6 (v),0(w),o(t)]) 22 kifuv,wit]) — <¢lu),¢(v),¢(w),ot)> 2O v wi>~ (6)

Let a=¢(u), b=¢(v) and c=¢(w) . From (5) and (6) we have

~
a b ¢ u v W

57 b5 &7 ([g(u) s(v) o(w)|(t)) =<QMQVO(Wlg(u) o(v) o(w)|(t)>7=

~
a b C

<¢(u),0(v),0(W),0(t)>" =gz 5 &2(O(t)]) .

~Y
a b c u v W

Since |z= B,b 53 is bijective, it follows that ¢ (t) = o(u) ¢(v) o(w) (t) . That is to say, ¢ is an element of G.
Q.E.D.

(6.13) Theorem Let G be a meridian family of permutations on a set M with cardinality at least
4. Let {0,1,00} be a basis for M. Then

= (w=y)-(x-2)
(v fwiyz} CM: #{wxy2}23) |am 55 o (9XW2™) = (o) (wa) (1)

where the binary operations are the field operations as in (2.5).

Proof. The function |z 3 | is the projective mapping from M onto 2 satisfying

a,a b,b C,C e B a,a b,b C,C (1)=M and a,a b,b C,C [OO] =N

while

1 0 ™ - 1 0 oo
?E_ [<anaW z> ][ ] =00, mmﬁ [<Y7X7W z> ][ ] =0
S @)
and o o o] (<yxw”) (y) = 1.

oo

(<y,x,w,z>~) becomes a linear fractional trans-

In terms of the field operations, the element % b—?b
ti

)
formation. The linear fractional transformation satisfying (2) evidently is (1), viewed as a function of z.

Q.E.D.



(6.14) Harmonic Wurfs Let G be a meridian family of permutations on a set M with cardinality
at least 4. We know from (6.10) that & is an involution which fixes the point [ . From (2.11) follows that
om has a second fixed point which we shall call ¥ :

on(¥) = V. (1)
One can easily check that
v = {<ab,c,d>: {{a,d},{b,c}} is a harmonic pair.} (2)
Furthermore, if w is as in Theorem (6.10), then
Wl =% and w(¥) =M. (3)
Similarly, there are sets y and y such that
on(y¥) = v = {<ab,c,d>:{{a,c},{b,d}} is a harmonic pair} 4)

and

omly) = v = {<ab,c,d>:{{a,b},{c,d}} is a harmonic pair.} (5)

(6.15) Remarks Let M be a meridian. Then 27 is a meridian isomorphic with M which has three
distinguished points: = , i and i In other words, 20 comes equipped with a basis and so is a sort of
intrinsic representation of M which “almost” has a distinguished basis, and so “almost” has a distinguished
field.

(6.16) Example  The set {¥,y,y} may not always have cardinality 3. It is not hard to show
that the cardinality is 1 when it is not 3. With the sphere, circle (and line) meridians, it has cardinality 3.
For the meridian which corresponds to the field {-1,0,1}, with ordinary multiplication and addition, it has

cardinality 1.
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7. Meridian Exponentials and Arcs

(7.1) Introduction It could be asserted with some justification that the circle or line meridian
is the most useful meridian. That being so, it is reasonable to inquire into what distinguishes it from the
others.

Suppose then that M is a circle meridian, and let [0,1,00] be any ordered basis for M. We may regard
F=MA{cc} as the field of real numbers where the binary operations are defined as in (2.5). There is a

continuous function

w | F—F
such that
m times
2. -2
(V{mn}cN) w(m) = — (1)
—
2-...:2
This function thus has the property that
(V{xy}CF) wix+y) = wxwly), (2)
and is commonly denoted by
(VxeF) 2= w(x (3)

It turns out that that the existence of such an “exponential” function can be described in terms of the
meridian structure and that the existence of such is in a certain sense sufficient, as well as necessary, to
render a meridian isomorphic to a circle meridian.

(7.2) Review and Discussion Let M be any meridian family of involutions on a set M of
cardinality of at least 4. For {a,d} CM, the family

M = (peM:ola) =d) (1)

aerd

is an abelian function libra by definition (2.3.3) and consequence (2.3.4). By (2.3.2) and by (4.14), is an

inner involution libra on

M@a) = MA{a,d}. (2)

as>d
The function libra M (cf. (4.19)) induces a libra operation on The set M, q):

s it

(V {vavz} C M(a,d)) |_X7Y7ZJ =

y if x=1z.
and, for each t €M, q),
as>d
O (a,d;t) | M>¢p—¢[t)EM(q) is a libra isomorphism. (4)
When a=d, we shall use the abbreviation:
S(at) = B(aa) - (5)
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<—d
When a#d, it may happen that an element of a/\/l has no fixed points. Therefore we introduce the
notation

a<r

My = {6™M':(3xeMpa) o(x) =x}. (6)

—d
It follows from Theorem (2.15) that each element of j\/l. fixes exactly two points. We recall that a basis
for M is just a subset of M of cardinality 3, and that an ordered basis is an ordered triple of which the
elements comprise a basis. For an ordered basis [a,l,d], we adopt the notation

My = {61 :p€My}. (7)

For t €M, q) , we shall write 6(,,1,4;1) for the restriction of 6(a,q;t) to Ma,1,qp:

6 (a,1,d;t) |M[a,1,d]9¢‘—>¢ t) €Maq) - (8)

a—d
(7.3) Theorem Let [a,l,d] be an ordered basis for a meridian M, suppose that /\71. is balanced in
d
Wy and let m be an element of My, 4. Then

Ma1,d) = Miam,a - (1)
aerd as>d
Proof. Let k be any element of My, , q and select ¢ € Mg such that ¢(m) =k. Let ¢ € Mg be such that
a<>d
¢ (1) =m. By hypothesis we have oYog in /\?.. Since
SR o o0 1) = [ETiE]oy (m) = [EakH] (k) =k

we have shown that

Ma,m,aq) CMa1,q)- (2)

Since ¢ (m) =1, we have 1€ M, , q) and so, interchanging the roles of 1 and m, (2) becomes

M[a,l,d] - M[a7m,d] . (3)

That (1) holds, follows from (2) and (3). Q.E.D.

a+>d
(7.4) More Discussion Let [a,1,d] be an ordered basis for the meridian M and suppose that ./\?l.

asrd
is balanced in the libra M . From (7.2.4) and (7.3) follows that My, ; q is balanced in the libra M, 4y and,
for each t€ M, q,

aed
O(a,1,d;t) 18 a libra isomorphism of ./\71. onto Mg, 1 q) - (1)

ded >d
It was shown in (4.15.5) that there can exist no libra isomorphism of M onto M ifa # d. Nonetheless

ded asd
it does make sense to consider the possibility of an isomorphism of M onto My . If we return to the example
of (7.1), the funtion w|F3x<—> 2*€F may also be expressed as

(U|M(OO’OO)9X‘—>2X€M[07]7OC] . (2)
We define

0040

00400 )
Q| M 3[00,00,0,¢] — [00,01,2°] € M, (3)

47



and observe that, for all {a,b,c} C M )

(]| [00,00;0,a},|00,0030,b), [00,00;0,¢] || | = £2([00,00;0,a]0[00,00;0,b[o [00,00;0,¢]) =
Q([50,00:0,8-b+c]) = [00,0,1,2PF¢] Y 256) 15567 276 [00,0:1,2 |0 [50,0,1,2°| =
[L|_|OO,0;1,23 7|oo,o;1,zb|,|oo,o;1,zc||| = || £2([00,00;0,a],2(|00,00;0,b]) ,£2(]00,00;0,¢] ) | |

00400 0040
whence follows that {2 is a libra isomorphism of M onto .MH. . Furthermore
w:6(07]’w;])o(206(00;0)’1 . (4)

We note that

1=w(0) =— Q{lO0,00;0,0l} :|0,00;1,1|:|0,00;LU[O},W{O} s (5)

that

wow(0) =w(1) =2=[00,00;0,1(1) == 20£2(]|00,00;0,0|) = [00,0;0,w (0] |0 2(]00,00;0,0|] 0[00,0;0,w (0)| (6)

and that

el

W (Mo, (0),00) =@ (Mio,1.00) =M12,000 = M (0) swow (0) ,00) - (7)

Results (4), (5), (6) and (7) suggest the following definitions.

(7.5) Definitions Let M be a meridian and let [a,l,d] be an ordered basis for M. Suppose that
aed asrd
J\?. is a balanced subset of the libra /<\jl and that w is a libra isomorphism from Mg q4) onto My, 1 q). If there

dd acrd
exists a libra isomorphism (2 | M — Mg such that
w=0(a,1.dw(2))°200(a) ", (1)

we shall say that w is a meridian libra isomorphism. If, in addition

2(|d,d;a,a|) = [a,djw(a) wlal], (2)
o0(|d,d;aa|) =|d,aa,wla)|on(|d,d;a,al) o|d,a;a,w(al| (3)
and W (Ma,1,a) =M (a) jwow (a) ,d) (4)

we shall say that w is a 2-exponential isomorphism on Mg 4y originating at a, and we say that (2 is
the progenitor of w. We note that (1) implies

£2=0(a1.di(2)) " 0w (dsa) - (5)
Furthermore w(a] is in M, ) q and so Theorem (7.3) implies that

M (a),d)= Mpa,1,q1- (6)

For a 2-exponential w originating at a with progenitor {2 as above, we shall say that d is its singular

point and that w(a) is its issue. We note that the issue of w is one of the two fixed points of §2( ] .

If there exists a 2-exponential isomorphism on the meridian M as above, we shall say that M is an
exponential meridian.
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(7.6) Theorem Let M be an exponential meridian and let M be a meridian family of involutions
on M. Then

(V[s;t,v] an ordered basis for M)(3 ) a 2-exponential originating at s onto M ¢ 1) (1)

Proof. By hypothesis there exists an ordered basis [a,l,d] and a 2-exponential isomorphism w with progenitor
2 and with base a from Mqqy onto M, 4 such that (7.5.2), (7.5.3) and (7.5.4) hold. Thus

Mq,a) Mia,1,a
x=uv(a) = O(dia) v 2 > O(aduw (a)) n(wla)) =w(x
M(q,q) Mia,1,a
We define
O = s W|\j/\<_/’lv9¢;> fof2 9710¢09 o1 67\?{: and wz6(s,t,v;l)ow06(v;s)71 . (2)
Thus
0 —1
My yy+~——M@a) Mpiq M, t,v)
_ e o B 0 V(o) Owawn g — _
y=«alfla)) =als Q@ v n Il Bt)=p0wla))) =1y
B

! 0
My vy——M@a) Mpaag—"Mgi,v

Direct computations show that
VvV d«d SV as>d
M ={0o¢gof~t:pec M} and M ={fogof':pc M}. (3)

Direct computation, along with (7.5.2), (7.5.3), (7.5.4), (2) and (3) show that

w(|v,vis,s|) = [s,vit,t] (4)
wow([v,vis,s|) = [v,s:8,0(s) [ow([v,v;s,s]) o|v,s;8,1 () | (5)
and & (Mg ,0) = Mg ) gpors () 1 (6)

That (1) holds now follows from (4), (5) and (6). Furthermore ¥ is the progenitor of ¢. Q.E.D.

(7.7) Theorem Let M be an exponential meridian. Then the underlying field has characteristic 0.
Proof. Let w|M(OO,OO) > Mp,1, be a 2-exponential function originating at 0 with issue 1. Assume that
the underlying field were of characteristic p different from 0 (and 2 of course). Then p were a prime number

0%
different from 2. We introduce field operations for the basis {0,1,00} of M. Choose x € M such that
p-1 times
—
wx)=14+14...+1.
Then
(p'p-2-p-1) times

—_——f—
W(xX+HX) =w(x)wx) = 14+1+...4+1 =1=wl0 — X+X=0

which would imply that the field had characteristic 2, which is absurd. Q.E.D.
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(7.8) Lemma  Suppose that x is an element of a meridian M and that {«,(} "M . Then
XX

(F3re M) a=yopoy. (1)

Proof. Since « is an involution with a fixed point x, there is another fixed point a of « . Similarly, there is
a point b distinct from x which 3 fixes. Letting é=|x,x;a,bloBo[x,x;a,b|, we see that

dx)=x=awa(x and d(a)=a=uqala

Since these two involutions fix two common distinct points, it follows from (3.5) that they must be identical.
. . . XX
Letting 'yE, we see that v is in M and that (1) holds. Q.E.D.

(7.9) Theorem  Let [a,t,b] be an ordered basis for the exponential meridian M and let

u= t). (1)

Then
M, ¢, Mg u,p =9 (2)
and M= M[a,t,b]UM[a,u,b]U{aab} . (3)

Proof. Assume that u were in M, ¢ ). Then

aeb

(FJoeM,) olt)=u (4)
We would have
oooa u by:(l)ao t)=0olt by7(1)u.
Since oo oa and would agree at u, a and b, it would follow that

Uola,b;t,tlog: |a,b;t,t|. (5)

By Theorem (7.6) there would exist a 2-exponential w from M, 1,y with base a and issue t onto Ma,¢,b - Let

b¢+b
{2 be the progenitor for w and let f& ﬁ/l be such that 2() =0 . We would have
2(0)002([bbaa]) 002(6) 252 (g) o[bbitt|o2(0) =
so[ibior 20 [ahia] 252 g

which would imply that

fo[b,bsa,alof = [b,b;a,al. (6)

b+b
The only way equation (6) could hold in the context of ./\H/l would be for 6 to be , which, in view of
(7.5.2) and the fact that t is the issue of w, would imply that o= . Consequently

b.baat)=u=c(t) =[abitt](t) =t —= te{b,a}
which would be absurd: it follows that
U Mgt b) - (7)

Now assume that there existed an element x €M, ¢ pMMp, by Then
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acb
F{ompcMy) olt) =x=n(u).
b b
The meridian M being an exponential meridian, ?\/l. is a libra and so we have nogo Ej\/l.. Conse-
quently
M[a,t,bJ9770¢° t) =nog(t) =n(x) =u

which violates (7). This establishes (2).
Let p be any element of M(,1,). Let q be the fixed point of which is distinct from p. Evidently
[a,b;t,t[o[a,a;b,blofa,b;t,t] is in M and leaves both a and b fixed: hence

[a,b;t,t|o[a,a;b,blola,b;t,t| = [a,a;b,b].

It follows that

[a,bst,t|ola,asb,bl=[a,a;b,blola,bit,t| == [a,bst,t|o[a,a;b,b|(t) =[a,a;b,blola,bst,t](t) = [a,a;b,b|(t) (8)

. acb . . beb . asb
Since My is isomorphic as a libra to M , it follows from Lemma (7.8) that there exists ve Mg such that

[a,b;p,p] = vo[a,bst,tlov

which implies both

[2Bip.pl (v(t)) =vofabidfov(v(t)) =v(t ()

and

[2,b:p,p| (v([b,bsa,al(t))) =wvola,bst,tlov (v([b.ba,al(t))) =

By definition of p and q it now follows from (9) and (10) that
{olt) v 6} ={p.a}-

If v(t) =p, then peM, ¢ 1. If v t)) =p, then p€ My, , 1, - This establishes (3). Q.E.D.

(10)

(7.10) Definitions and Notation Let b be any ordered basis for M: that is, an ordered triple of
pairwise distinct elements. We shall adopt the following notation:

(0,i,&%) = b. (1)

The field operations relative to b will be denoted by —T—7 2 % and —»: thus

3 3 b b
Y b by — oo b [ Obo d X = o0 b )
xty=|x g y[, xy=[xy §| xy=[xjy| and Hv=|xV j (2)
% & 0 0
We shall denote by
Fy, 3)

the corresponding field M ) -
When it is clear from the context which ordered basis b is under consideration, we shall occasionally

1«1377

suppress the symbol “b” from the field operations, shall occasionally suppress the symbo completely,
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and shall occasionally introduce the exponential notation

n times

x" = %XX-...X. (4)

(7.11) Lemma Let M0,1,00) be an ordered basis for a meridian M. Let 2=1+1. Then
M[],Z,oo]:{1+t2:tEM(oo,oo)}- (1)

<1
Proof. Let x be an element of My 3 o). Then there exists 960.7\/1. such that 6(2) =x. Since 0(1) =0, there
exists b€ M, ) such that

s+b
(VSGM(OO,OO)) 0(s =5_1"

Since 6 has a fixed point p, it follows from the quadratic formula that b+1 has a square root t. Thus
2
x=0(2 :%: T+b+1=1+t2.
Now suppose that x = 14+t? for some t. Setting b=1—t2, direct calculation shows that the function
s—b .. o]
Fos—3 7€M isin M, and sends 2 to x,
whence follows that x is in M2 ). Q-E.D.
(7.12) Theorem  Let [a,t,b) be an ordered basis for an exponential meridian M and let ¢ be an

b
element of 7\4.. Then one fixed point of ¢ is in My, ¢ 1) and one is not.

Proof. Since ¢o 0(;5 and both fix the distinct points a and b, it follows that they are the
same. Let p and q be the fixed points of ¢ . Then

¢ ([2:a0:b] (p)) = ¢ (¢ofaaibblog (p)) = [a,:b.b] (p) .
Since p is neither a nor b, it follows that p) #p and so
pl=q. 1)

From (7.9.4) follows that p is in either M, ¢ ) or in M[a, ¢),b)- By Theorem (7.3) M, ;1 is either
Ma,¢,1) OF M[a, ¢),b)- By (1) and (7.9.3), whichever one My, ;, 1) is, M, 1) is the other. Q.E.D.

(7.13) Lemma  Let Mg 1, be an ordered basis for a meridian M. Then
M[oj]’oo]:{fgZtEM(myoo)}:{fzZtEM[0,1,OO]}. (1)
000
Proof. Let t be an element of M, ). Then is in ﬁ/l , leaves t fixed, and

1 =t? = t*eMp 1,00 (2)

0400
Now let x be an element of Mg 1 o). There exists ¢ € /\71_ such that ¢ (1) =x. It follows from (7.12)
that one of the fixed points of ¢ is in Mg 1 oc): we shall denote that point by t. We have

2
d): = x=0¢/1 :tT = x=t> (3)

That (1) holds is now a consequence of (2) and (3).
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(7.14) Lemma  Let M be an exponential meridian and M the meridian family of involutions on
M. Let [0,1,00] be an ordered basis for M and let “4” and “-” be the associated binary operations on the
field M (s, o) - Then,

(V {X7Y}CM[O,1,OO]) {X'yv %7 X+Y}CM[O,1,00]‘ (1)

Proof. From (7.13) follows that there exists {s,t} C My ; ) such that

x=s2 and y=t2. (2)
In particular
xy = (st)?2 by 719) xy € Mo, 1,00) (3)
and
}_};: (2)2 by (7.13) §€M[o,1 y (4)

By (7.6) there exists a 2-exponential w of My ) onto Mo,1,00) With base 0 and issue 1. We have by
(7.5.4)

by (7.11.1) by (3)
—_—>

M1 2,00 = @ (Mio,1,00) €& = Mo, 1 o0 1% €M1 ) > x(14+2) €My 1 o) -

This, with (3) and (4), implies (1). Q.E.D.

(7.15) Notation  Let b=[0,1,00] be a basis for a meridian M. For {a,b,c,d} CF}, =M ), we
adopt the notation

b (fa b\ _
Det(c d) = ad—bc. (1)
Furthermore we denote
Mg = {peM: ¢ has no fixed point} . (2)

(7.16) Theorem  Let [0,1,00) be a basis for an exponential meridian M. Let ¢ be an element of

M and suppose that ¢ = as in (2.4). Then

peEMy > a‘ét(‘é b >6M[O’1’OO]. (1)

Proof. It follows from the quadratic equation that has a fixed point if, and only if, a?+b-c has

a square root in M o), which, in view of Lemma (7.13), is true if, and only if, aZ+b-c is in Mpo,1,00)- It
follows from Theorem (7.9) that a?+b-c is in Mo 1, if, and only if, —a?—b-c is not in M, ; ;. But

—a-a—b-c = DEt(a b >
C —Qa

(7.17) Lemma Let M be an exponential meridian and let 7 be a translation in | M | .2® Then 7

from which (1) holds. Q.E.D.

is the composition of nine elements of My .

28 That is, 7 has exactly one fixed point in M.
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Proof. Let b be the ordered basis [0,1,00] where co is the fixed point of 7, 0 is any other point of M and
1=7"1(0) . Then

7=[1,21,01]

and direct calculation®® yields

7=10,—6,1,0|0[0,—5,1,0[0[1,—1,2,— 1|0|4,—5,5,—4|0|0,—4,1,0|0 [0,—1,1,0[0|1,—1,2,— 1|0[0,—5,1,0|0 [0,—6,1,0 . (1)

That each of the factors in (1) is in Mg follows from (7.16). Q.E.D.

(7.18) Lemma Let [0,1,00) be an ordered basis for an exponential meridian. Then
M[Oﬂ ,m]ﬁM[oo,o,ﬂﬁMh ,00,0) = & (1)

Proof. Assume that there existed some p in My 1 o)MM{s,0,11Mp 50,0y - Then

000 041 14300

(Flo,By] € MgxXMgx Mg) «al1) =f(oc) =7(0) =p.
It follows that
a=[op1d, p=[ppip] and y=[Ip-T].
Applying the quadratic equation to each of the homographies «, 5 and ~, respectively, we obtain the formulae
+P, PEVPD—D and 1+T=p

respectively, for their fixed points. Since these three homographies would have fixed points, there would
exist {a,b,c} € M(x o) such that

a’=p, bb=pp-p and cc=1-p.

It would follow that
(a-c)-(a-c)=—=bb

which by (7.9.1) is impossible. Q.E.D.

(7.19) Theorem Let [0,1,00] be a basis for an exponential meridian M. Then

{{o}h{1}{oo}. Mo, parmz] (1) 0 Mir, ] (o) vl M, [[im0] (o) o1} 18 @ partition of M. (1)

Proof. We first show that

M= ({{o},{1}{o0}, Mo, [m] (1) 00 Mt [Timo] (0 oM, [700] (o) 01} (2)
Let t be any element of MA{0,1,00} . If t My, 1) o) then (7.9) implies that t € Mg 1 o). Similarly,

if t is not in M“’ 0) 00> then tis in My 5.1, and if t is not in M[]) )00, then tis in M o o)

It follows from (7.18) that these three things cannot occur concurrently. We have established (2).
Assume that the constituents of (1) were not pairwise disjoint. Without loss of generality, we may
assume that MmM 1) ,00) and Mh’m 0,00 had a point x in common: which is to say that

XeM[O,—l,oo]mMU,Z,oo]' (3)

29 One constructs the corresponding 2x2 matrices and uses matrix multiplication.
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Let w be a 2-exponential from My «) t0 M 1 o). From (7.5.4) follows that there would exist ueMp ;o)
such that w(u) =x. But w(u) is in My, ; ), which by (7.9.2) would contradict (3). Q.E.D.

(7.20) Corollary Let b=[0,1,00] be an ordered basis for an exponential meridian M. Then
{M[O’%,H,{l},MU 2,00} 18 @ partition of My 1 o). (1)
Proof. From (7.19) follows that
{{0},{1},{00},M[07_]7OOJ,MU 72700],M[07137]]} is a partition of M (2)

and from (7.9) follows that

{{0},{o0},Mg,1,00:Mo,-1,05} s also a partition of M. (3)

That (1) holds follows from (2) and (3). Q.E.D.

(7.21) Lemma  Let M be an exponential meridian and let p€ | M |AM be a pure rotation.3’
Then there exists € Mg and a translation 7 such that

p=TOT. (1)
Proof. Let co be any element of M. Let a=p(co). Since p is not in M , it follows from Corollary (2.11) that
pla) #oo. Let 1=p~!(co) . It follows from (2.17) and (2.19) that there exists 0€ M such that {{0,00},{a,1}}

is a harmonic pair. Introducing the canonical field operations on F=M g o0y, We see that a= —1 and so, if
b=p(0), we have

p=[1b=11]. (2)

Thus the equation for p to have a fixed point x is
x?+b=0.
Since p, being a rotation, has no fixed point, we have b€ Mg ; . From (7.11) follows that 1+b is in My ; ).

Since M is an exponential meridian, it follows from (7.14.1) that 1+b is in M, ; ), whence follows by Lemma
(7.13) that there exists m€Mj ; ) such that

m2=1+b. (3)
Let
b+2+2m
We have
b+2+2m)? b-+2+2m b-+2+2m
p2b2—2pb+1—4p = (b—Q) bQ—Z(T)b+]_4(T) -
b2 +4+4m?+4b+4m+2bm—2b%—4b—2bm+b2—4b—8—4m  —4+4m>—4b
b? =7 (5)
by (3) —4+4(14Db)—4b B
b2 =0

Since the left hand side of (5) is the discriminant of the quadratic polynomial

30 That is, p has no fixed point.
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px®+(pb—1)x+1, (6)

it follows from (5) that that polynomial has a single root. This in turn implies that the homography
has exactly one fixed point, and thus is a translation. Letting

T= —1,1,—p,—pb and ™ = 0317_p307

we see that from (2) that (1) holds.

It remains to show that 7 has no fixed point. But the fixed point equation for 7 is

1= —pX2

and, since 1 and px? are both in Mo,1,o0) » it follows from (7.9.2) that this equation has no solution. Q.E.D.

(7.22) Theorem Let M be an exponential meridian and ¢ an element of | M| . Let b=[0,1,00]
be any ordered basis for M and suppose that ¢ = relative to that basis. Then

D%t(i Z) €Mp,1,00 < fisa composition of involutions without fixed points. (1)

Proof. [<—=] If ¢ is a composition of involutions without fixed points, then it follows from (7.16) that
the matrix of each component has a determinant in My, ; ). It follows from Lemma (7.14) that the matrix
of ¢ would have determinant in My ; o) -

[—=] Let then b be an ordered basis for M and suppose that the determinant of the matrix of ¢ =
is in Mo 1 ) - If ¢ is an involution, then it follows from Theorem (7.16) that the determinant of the matrix
is in Mg 1 o). If ¢ is a translation, then it follows from (7 .17) that it is the composition of an involution
without fixed elements of Mg , and so its matrix has determinant in My ; o) - If ¢ is a pure rotation, then
Lemma (7.21) implies that it is the composition of an involution without fixed points and a translation.
Since the determinants of the matrices of both these constituents are in My ; o, it follows that the matrix
of the rotation is as well.

Thus we may presume that ¢ is a non-involutive dilation and that the determinate of the matrix of
is in Mo 1 ). Let 6 be any element of | M | which sends oto one of the fixed points of ¢ and oo to

the other. The fogpof~! is a non-involutive dilation and so has a matrix relative to b of the form .

. a
Since Det( ¢ d

mée My ;o such m? =s. Thus

b)is in Mg 1 o, it follows that rs :Det<g g)is as well. Thus we can choose r to be 1 and

[r,0,0,s] = [0,1,-m,0]0]0,-m,1,0| . (2)

of 9_1009 and 9_1OMO9 are as well. Since
¢ =0 ofopo0 00 =0~ o[0T 0o [0m 100 = (9 o[0T mm0J0f)o (6~ o [0 T.0]00)

and so ¢ is the composition of two involutions without fixed points. Q.E.D.

Evidently Oet(? _:1 ) and Det( (;n é)are in Mo 1 o) » whence follows that the determinants of matrices

(7.23) Definition  Recall that G is the notation for | M| : the group of homographies of M. We
shall write
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g* (1)

for the set of elements of G which are compositions of involutions without fixed points. This terminology is
motivated by the characterization (7.22). In view of (7.22), G* is a normal subgroup of G.3!

We define an equivalence relation = on the family of all ordered bases of M by, for any two such (a,b,c]
and [r,s,t],

[a,b,c}@{r,s,t} — (3¢€g+ ) [I‘,S,t} = {(ﬁ a 7¢ b 7¢ C J . (2)
There are two equivalence classes and we shall denote this set of two elements by
{0,0.} (3)

These equivalence classes will be called orientations.
Let O be an orientation of an exponential meridian M. Let a and b be distinct elements of M. We write

~

ab = {t EM(a,b) ((at,ble O} (4)

—
a,b

and = {ab}UjaTb . (5)

These two sets a,b and m, respectively, will be called the O-open arc associated with [a,b] and the
O-closed arc associated with [a,b], respectively. Thus, for t€ a,b , we have

Yamre) | |
Mptp= ab and  {ab}uMp ;= ab . (6)

When the orientation O is evident from the context, we shall sometimes omit the symbol O from the
terms O-open and O-closed.

(7.24) Proposition In an exponential meridian M

translations are in G*, (1)

pure rotations are in G*, (2)

involutions with fixed points are not in GF, (3)

(V[a,b,t] an ordered basis)(YueM;, 1, ) [a,b,t] and [a,b,u] have the same orientation, (4)
(V[a,b,t] an ordered basis)(Vueg My, 1)) [(a,t,b] and [a,u,b] have opposite orientations, (5)

(V [a,t,b] an ordered basis) [a,b,t] and [b,a,t] have opposite orientations (6)

and (V [a,t,b] an ordered basis) [a,b,t] and (b,t,a) have the same orientation. (7)

Proof. [==(1)] Follows from Lemma (7.17).
[—==(2)] Follows from Lemma (7.21).
[==(3)] Follows from Theorem (7.16).
[==(4)] The involutions [a,b;t,u| and [a,b;u,ul both have fixed points and so the determinants of their

matrices are not positive. It follows that the matrix of their composition is positive and so |a,b;u,u|o|a,b;t,u|

is in €G*. Furthermore |a,b;u,ulola,b;t,ulo(a,b,t] =(a,b,u].

[==(5)] The involution has no fixed point by Theorem (7.9) and [b,a,t] = o[a,b,t} .

A subgroup N of a group G be normal if, for each x€ G and n€N, xn]-x 1€N.
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[==(6)] The involution has a fixed point and [b,a,t]) = O[a,b,tJ .

[==(7)] The involutions [a,b;t,t| and [a,t;b,b| have fixed points and so the determinants of their matrices
are not positive. It follows that the matrix of their composition is positive and so o is in
€G*'. Furthermore oo{a,b,t} =[b,t,a). Q.E.D.

(7.25) Corollary  Let M be an exponential meridian with an orientation O and let a and b be
distinct elements of M. Then

{{a},{b},@,a} is a partition of M, (1)
(Vte ab) {at.{t}, b} is a partition of a,b (2)
and (Vte ’bTa) {/b?,{t},/tTa} is a partition of /k;f; . (3)

Proof. This follows from (7.20) and (7.24). Q.E.D.

(7.26) Theorem Let {a,b} and {p,q} be subsets of a circular meridian M, both of cardinality 2.

Then
if p=aor q=h, either ab CPa or DqC ab; (1)
if p=b, then (abNPa)e{o,Ta}; (2)
if q=a, then (%Tbﬂ’m)e{ﬂ,?b\}; (3)
if {p,a}Cab ,then PaCab or abNPa="pbURET; (4)
if {a,b}C D,q , then abCcPaq o DPanab=7Taubp; (5)
if pe a,b andqu,a_,g,then abNDa="pb ; (6)
and ifpgfark; andqefarb\,then %ﬁ@z’a?q. (7)

Proof. [(1)] We presume that p=a, the other case being susceptible to analogous treatment. If q € Ta,‘b ,
it follows from (7.25.2) that

ab =aquU{qiUqgb =— Pa=%3agC ab. (8)

Suppose, on the other hand that q¢ /arb\ .If q=Db, then P,q = /zmg so by (7.25.1) we may presume that q
isin b,a . From (7.25.2) follows that

apcba 2L SR oA, ©)
From (8) and (9) follows (1).
[(2)] Here we presume that p=b. Suppose that q€ “a,b . From (7.25.2) follows that

by (7.25.1) by (7.25.2)
_— _—

~—~
ad qb =71qp a€ p,q PaCDPq - (10)

Now suppose that q¢ ab . If g=a, then a,bNP.q =0 by (7.25.1) so we shall presume that g€ ba .
From (7.25.2) follows that
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~— by (7.25.1)
_—

P.d =b,q C ba b NPa =o. (11)

From (10) and (11) follows (2).

[(3)] The proof of (3) is analogous to that of (2).

[(4)] We presume that {p,q} C /aTE . From (7.25.2) follows that @u{p}u’f,ﬁ = ja,ﬁb .If qis in /pr ,
then ’p_,q\U{q}U,(ﬁ)\ =".b and so P.q C a,b . Thus we may presume that q€ &p . From (7.25.2) follows
that a,q¢ U{q}UQ,p = a,p and so {@,{q},@,{p},’@} is a partition of ’a,‘b . Since (7.25.1) implies
that p,gN"q,p = ¢, we have ’aﬁgﬂm = ﬁﬁ’m , which establishes (4).

[(5)] The proof of (5) is analogous to that of (4).

[(6)] We presume that pe “a,b and q¢ a,b . From (7.25.1) follows that {{a}, /aTb\,{b}, m} is a partition
of M. From (7.25.2) follows that { a,p',{p}, ) } is a partition of “a,b and that {m {aq},q,a } is a partition
of /bTa . From these three facts follows that

{{a},mP.{p}, Db .{b}, D,d .{a}, TR } is a partition of M. (12)

Evidently (12) implies (6) .
[(7)] The proof of (7) is analogous to that of (6). Q.E.D.

(7.27) Definition Let M be an exponential meridian with an orientation O . It follows from (7.26)
that the family of all open arcs is a base for a topology, which we shall call the arc topology.3? A necessary
and sufficient condition for a subset of an exponential meridian to be open relative to the arc topology is for
it to be a union of arcs. We recall that a topological space is compact if every open covering has a finite
sub-covering.

(7.28) Theorem Let M be an exponential meridian which is compact relative to the arc topology.
Then M is isomorphic to a circle meridian. In particular, relative to the arc topology, M is homeomorphic
to a circle. Furthermore, if b is any basis for M, then F}, is isomorphic to the field of real numbers.
Proof. Let O be the orientation of M of which b=1[0,1,00] is an element. On the field F}, we define the
relation < C (F, xF},) by

(V{x,y}CFp) x<y «— y—x€ 0,00. (1)

For x€Fy, we have

For {x,y} CF}, it follows from (7.9) that

either y—x or x—y is in Mg 1 o, but not both. (3)

If {x,y,z} CF}, and both x<y and y<z, then

by (7.14)
D —

{y—x2-y}CM0,1,00) (y=x)+(z—y)EMp 1,000 == x=<z. (4)

It follows from (2), (3) and (4) that < is a total order in the sense of (9.4). For {x,y,z} €F}, such that x<y,
we have

Yy=X€Mp 1,0 and  (z4y)-(z+x) =y—x = (z4x)=(z+Y) (5)

We here adopt the convention that the empty set ¢ is an arc.
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and for {x,y} CM, ; o) we have by (7.14)
XyEMp1,00 = O0=<Xy. (6)

It is a classical result of real analysis that if a field with a total order satisfies (2) through (6), then
it is isomorphic with the field of real numbers if, and only if, to each subset of F}, with an upper bound
corresponds a least upper bound. Let then SCF}, and beF}, be such that

(VxeS) x=<b.

For {x,y}CS, we have that x<b and y<b, whence follows that S is a directed set. Thus the identity
function tg is a net and, since M is compact, there is a subnet of tg which converges to some element m of M.
Specifically, this means that there exists a directed set D with direction < and a co-final function w|D —S
such that tgow converges to m.

Assume that m were not an upper bound for S. Then there would exist s€S such that m~<s and m #s.
In that case there would exist d€D such that, for all eeD with d<e,

s<w(e] == gow is eventually outside of 2m—s,s

which, since m is in 2m—s,s , would contradict the fact that tgow converges to m. It follows that m is an
upper bound of S.

Let u be any upper bound of S such that u<m. If m# u, then m would be in ,2m" and so tgow would
be eventually in “u,2m . But, u being an upper bound of S, this would be absurd. It follows that m is a least
upper bound for S. Q.E.D.
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8. Appendix I: Mathematical Notation and Terminology

The language of modern mathematics is set theory. We set down here the many of the basic notions
used in this paper and its sequel.
(8.1) Logical Notation = We shall write

3 (1)
for the existential quantifier which is read as “there exists” or “for some”: the notation

3! (2)
is read as “there exists a unique” or “for exactly one”. We write

v (3)

for the universal quantifier which is read as “for all” or “for each” or “for every”.
The notation

— (4)
is read “implies”, the notation

— ()
is read “follows from” and the notation

— (6)

is read “is a statement equivalent to the statement”.

(8.2) Sets A set is a collection of objects. Such objects are called members or elements of the
set. We denote that an object x is a member of a set X by

xeX or X>3x. (1)

We denote than an object x is not a member of X by

xZX. (2)
If X and Y are sets, then X is said to be a subset of Y unless
(IxeX) x€Y. (3)

If X is a subset of Y, we say that Y is a superset of X: we express this in symbols by
XCcY or YDX. (4)

We convene that there is exactly one set with no elements, which we call void, or the empty set or
the null set:

7. (5)
For any set X, it follows from (3) that
gCX. (6)

If x,...,y is a list of the elements of a set X, we express this fact by

ge o e
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X ={x,...,v}. (7)

A set with a single element is called a singleton, one with exactly two elements a doubleton et cetera.

If P(x) is a condition on an object x, we denote the subset of a set X consisting of all those elements of
X which satisfy the condition P (x) by

{xeX:P(x)}. (8)

The symbol
= (9)
is used to define a symbol placed to the left of “=”, as the set which is placed to the left. For instance the

union of two subsets X and Y of a third set Z is denoted and defined by

XUY = {teZ:teX or teY}. (10)
The intersection of two subsets X and Y of a third set Z is denoted and defined by

XNY = {teZ:teX and teY}. (11)

The terms family and collection are synonyms for the term set, although family is often reserved for sets,
the elements of which are sets themselves. The family of all subsets of a given set X is denoted

2X (12)
Thus
5e2X ScX. (13)
For subsets X and Y of a set Z, the symmetric difference of X and Y is defined and denoted by
XAY = {teXUY:t¢XNY}. (14)

When Y C X, the symmetric difference XAY is often called the complement of Y in X.
The two distributive laws hold for any three subsets A, B and C of a set X:

AN(BUC) = (ANB)U(ANC) ;

(15)
AU(BNC) = (AUB)N(AUC).
A third law, which is symmetric in U and N is
(AUB)N(BUC)N(CUA) = (ANB)U(BNC)U(CNA). (16)
The De Morgan Laws for subsets A and B of a set X are
XA(AUB) = (XAAN(XAB); an
17
XA(ANB) = (XAA)U(XAB).
For any subfamily SCP(X) of subsets of a set X, we denote
U S = {xeX:(3Se8) xeS} and [\ S = {xeX:(VSeS) xeS}. (18)

Ses Ses

(8.3) Cartesian Products A pair is a set of the form
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{x.v} (1)
where x#y. An ordered pair of elements x and y is defined and denoted by
(xy) = {x{xy}}. (2)

We say that x is the first coordinate of the ordered pair [x,] and y the second coordinate. For subsets
X and Y of a set Z, the Cartesian product of X with Y is defined and denoted by

XxY = {[x,y]:xeX and yeY}. (3)

More generally, a triple is a set {x,y,z} with exactly 3 elements, and an ordered triple is defined and
denoted by

(x,y2) = {x,{x,y},{x,%,2}} . (4)

Quadruples, ordered quadruples, quintuples, ordered quintuples et cetera are defined analogously.

(8.4) Finite Sets A subset S of a set X is a proper subset if S&{g,X}. A set X is said to be
infinite if there exists a proper subset S of X and a subset < of XxS such that

(VxeX)(3!seS) [x,s]e<. (1)

A set which is not infinite is called finite. Every subset of a finite set is finite.

(8.5) Conditions And Classes A condition on a set is a statement about a set which can be
determined to either be true or false, but not both. A class is the aggregate of those sets for which some
property is true. A set of a class is called a member of that class.

A family is always a class, but a class may not be a family. We demonstrate this to be true by what is
known as “Russell’s paradox”, published by Bertrand Russell in 1901, but first enunciated by Ernst Zermelo
in 1900:

Assume that all classes are families. Let F be the family of all infinite sets. Since F is infinite itself, it
follows that Fe€ F. Let C be the family of all sets which are not elements of themselves. It is trivial that g is
an element of C and we have seen that F&C. If C€C, then C is not in C by definition of C. But if C&C, then
C is in C, again by the definition of C. Thus our assumption cannot have been correct.

So how can we know if a class is a family (set)? If a class has been constructed from sets using unions,
intersections, subsets or Cartesian products, we can be sure it is a set. Ernst Zermelo suggested another
method, called the axiom of choice: to wit

(VS a family of sets)(Ja set X)(VSeS)(IxseS) XUS={xs}. (1)
Such a function
S3S—xg€S

is called a choice function. It is known that if one constructs new sets using the axiom of choice, one is not
thereby led into logical contradictions. However there is no way to deduce that the axiom of choice holds
from the other axioms of set theory. One can use it or not, depending on ones taste.

(8.6) Equivalence Relations  The terms “relation” and “graph” are in some places treated as
synonyms. Here we shall treat the term graph as being more restrictive than a relation, and shall reserve
the next section for its presentation.
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Let A and B be two classes or sets. By a relation from A to 3, we shall mean a class of ordered pairs
(A,B] where each A is a member of A and each B a member of .
if A= B and the following three conditions hold, we say that a relation ~ from A to B is an equivalence

relation:
(VAeA) [AA)e~; (1)
(V{AB}CA) [ABle~ « [BA]Je~; (2)
(V{AB,C}CA: [AB]e~ and [B,C]e~) [ACle~. (3)

An equivalence class associated with the equivalence relation ~ and a member A of A is

the class of all members B of A such that [A,B] is a member of A. (4)

The partition of A associated with the equivalence relation ~ is the class of all equivalence classes
associated with ~.

Conversely, for a class or set A we define a partition of A to be a class P of sub-classes of A such the
such that each member of A is a member of a unique member of P. The equivalence relation ~associated
with the partition P is the class of all ordered pairs [X,Y] where X and Y are members of a common

member of P.
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9. Appendix II: Graphs

Many things can be described in the context of a subset of the Cartesian product of two sets. We present

some of the more important ones in the present section.

(9.1) Definitions A subset < of a Cartesian product XxY of sets is said to be a graph of X
with Y. For x€X and y€Y, we shall sometimes write
X<y (1)
to indicate that [x,y] is an element of < and
XAy, (2)
to indicate that [x,y] is not an element of <. To indicate that [x,y] C < but x#y, we shall write
xXy. (3)
The domain of a graph <CXXY is defined and denoted by
= {xeX:(IyeY) (xyle<) (4)
and its range by
== {yeY:(IxeX) [xyle<}. (5)
The world of a graph < is defined and denoted by
= U= (6)
The inverse of a graph < is defined and denoted by
<7t = {lyx]: xyle<}. (7)
In particular
(XxY)™! = YxX. (8)
The complement of a graph < is the set
A=<= {lxylexx=:(xylg=<}. (9)
If < and o are graphs, then the composition of < with ¢ is defined and denoted by

<oo = {[x,z):(Fyeww) [x,y)€< and [y,z)€0}. (10)

(9.2) Functions A graph ¢ is a function if
(Vxed)Elyed) xyles. (1)

For a function ¢ and [x,y] € ¢, we define the notation
olx) =y. (2)

A function ¢ CXxY is said to be surjective if '@'=Y and [©1=X. A function is said to be injective if its
inverse is also a function. A function is bijective if it is both injective and surjective.
If @:m for a bijective function, we say that ¢ is a permutation of its domain. A subset S of
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the domain of a permutation ¢ such that ¢(s) €S for each s€S is said to be invariant. An invariant set
containing no proper invariant subsets is said to be an orbit of ¢. If ¢ and 6 are permutations with a
common domain, and if each orbit of # is a subset of some orbit of ¢, we shall say that 6 is a refinement
of ¢.

The notation

PlX—Y (3)

means that ¢ is a function such that |¢j=X and TP CY. This is sometimes described by saying that ¢ is
a function from X into Y (when '3'=Y the term “into” can be replaced by “onto”). If E(x) denotes an

expression in terms of x, then

¢|Xsx—E(x) €Y (4)
indicates in addition to (3) that
(VxeX) ¢(x) =E(x). (5)
A statement of the form
Xox—=E(x) €Y (6)

defines a function without giving it a name.

The identity function on a set X is the function
ix = {[xx]:xeX}. (7)
For any bijective function ¢ CXxY, we have
¢ top = 1x and ool = 1y. (8)

A function of which the range is a singleton is called a constant function: if X =¢) and {c} = 9, we

write

)HC( for the function X3x<—c. (9)

Associated with any graph < CXxY are four “set functions”:

Z|PX) 38— {yeY: (IxeS) [xyle<}eP(Y), (10)

ZIPY) 38— {xeX:(3yeS) (xyle<}teP(X), (11)

2P| PX) 38 {yeY: (VxeS) [xyle<}eP(Y (12)
and

Z|PIY) 23S {xeX: (VyeS) xyle<}eP(X). (13)

We have in general
=<1 (14)

These two set functions are actually determined by their values at the singletons: to exploit this fact, we
define
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2| Xsxo 2 x) =2 (x) ={yeY:[xyle<}eP(Y (15)
and
Z|Yosy o Ry =% (y) ={xeX:[xy]e<}eP(X (16)
We have
(VScX) =8 =U =(x), (vScY) =<(18)=U =y, (17)
x€S yeS
(vScX) =°(8)= msﬁ x) and (VSCY) X (S)= msi y) . (18)
xe ve

If S is any subset of the domain of an order <, then the restriction of < to S is defined and denoted
by

<ly. (19)
For sets X and Y, the set of all functions from X into Y is sometimes denoted by
xY (20)
We shall extend this notation to
YN = {peY™: ¢ is bijective} . (21)
Two functions ¢|X<—>Y and 0|X —Y will be said to be compatible if
(V{xy}cX) olx)=0¢ly) «=b(x)=0ly]. (22)
Compatibility of functions ¢ and 6 can be expressed more succinctly as
o671 is a function. (23)

A graph < will be said to be symmetric provided that there exists a bijection ¢||j| — =1 such that

(V(a,b)e=xx=") [able< «— [¢7!(b),pla)]e<. (24)

(9.3) Equivalence  The concept of an equivalence relation was introduced in (8.6). When the
symbol A there represents a set, the equivalence relation ~ is a graph. Such an equivalence relation is
distinguished by the following:

LACN, N:N_l and (NON)CN. (1)
The three parts of (1) may also be expressed by
(VxeA) x~x, (V{xy}CA) x~vye==y~x and (V{x,y,2}CA: x~y and y~z) x~z.

(9.4) Order An order on a set X is a relation < CXxX such that
ix==N<"1 and (=<o=<)C<. (1)

Another way of expression the two conditions of (1) is

(VxeX) x=<x, (V{xy}CX:x<yand y<x)x=y and (V{xyz}CX: x<y and y<z) x<z.
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An order is sometimes called a partial ordering (or simply an ordering) and, relative to <, X is called an
ordered set, or partially ordered set or poset.

An order < is said to be linear or total if

XxX =(<U=<"1) (2)
or, what amounts to the same thing, if

(V[x,y)€XxX) either x<y or y<x. (3)

A subset o of an order < such that 0yx,0, = 0Uo ! which is called a chain in <. The Hausdorff Maximality
Principle, which is equivalent to the Axiom of Choice, asserts that each chain is a subset of some maximal
chain.

The supremum of a subset S of =, if it exists, is an element sup(S) such that

(Vse€S) s<sup(S) and (VxeS: (VseS) s<x) sup(S)=<x. (4)
The infimum of a subset S of <), if it exists, is an element inf(S) such that

(VseS) inf(S)<s and (Vx€eS: (VseS) x<s) x<inf(S) . (5)
For x and y in an ordered set, we define (if they exist)

xAy = inf({x,y}) and xVy = sup({x,y}). (6)

(9.5) Cardinality  If ¢ is any bijective function, then |¢| and 3 are said to have the same
cardinality. Because each identity function is bijective, each set has the same cardinality as itself. Further-
more, if sets X and Y have the same cardinality and Y and Z have the same cardinality, then X and Z have
the same cardinality. Thus it is possible, for any set X, to attach a symbol to it, and by extension, attach
this same symbol to every other set with the same cardinality as X. There are many equivalent ways to do
this for common sets. Here are some typical examples:

We attach the symbol 0 to the empty set g and the symbol 1 to the singleton {g}. Attach the symbol 2
to the ordered pair [1,¢], 3 to the ordered pair [2,4], 4 to the the ordered pair [3,4] and so on ad infinitum.
The set

N (1)
of all such symbols distinct from 0 is called the set of natural numbers. We attach the symbol Xy to the
set N. Any set which (by extension) has one of these symbols attached to it is said to be countable. If such
symbol is attached to some set, this symbol is said to be its cardinality. These symbols are called cardinal
numbers. If the cardinality of a non-void set is an element of N, it is said to be finite. This definition of
“finite” is consistent with the one given in (8.4).

A set of which the cardinality is Xy is said to be countably infinite. We denote the cardinality of any
set X by

#X (2)
and, for any natural number n, we denote by
n (3)

the set of natural numbers less than or equal to n. Any function with domain of the form n is said to be
a finite sequence. An infinite sequence is a function with domain N. For a sequence o and m € g;, the
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m-th element of ¢ is defined and denoted by
Om = o(m)j . (4)
For any n€N and any set X, the elements of
X (5)
are called n-tuples: the sequences from n into X. Such an n-tuple x is frequently written
(X150 3Xn ) - (6)

Beginning with 1, every other finite cardinal number is said to be odd. The other finite cardinal numbers
are even. A set is said to be even if its cardinality is even — odd if its cardinality is odd. Two finite sets
have equal parity if they are both even, or both odd.
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10. Appendix III: Topology

(10.1) Definitions A topology is a family 7 of subsets of a set X containing X, the empty set g,
the union of the members of any subfamily of 7 and the intersection of the members of any finite subfamily
of T . The members of a topology are said to be open subsets of X and complements of open sets are said to
be closed subsets of X. A subset K of X is said to be compact if, whenever K is a subset of the union of a
subfamily of 7, then it is also subset of some finite subfamily of that “covering” subfamily. A subset of X
is disconnected if it is the union of two disjoint elements of 7 , and connected if it is not disconnected.

A subset N of X is said to be a neighborhood of one of its elements x if there exists O €7 such that x€O
and O CN. A topology is said to be a hausdorff topology if each, for all distinct x and y in X, there exist
disjoint open sets U and V such that x€U and yeV.

(10.2) Relative Topology If T is a topology on a set X and if S is a subset of X, then the family
{ONS:0€eT} is a topology on S called the relativized topology. The set S is compact for its relativized
topology if, and only if, it is compact as a subset of X. The same is true for the concepts “connected” and
“hausdorff”.

(10.3) Base for a Topology Let X be a set and B a family of subsets of X such that the
intersection of any two elements of B is an element of B. Suppose that the null set is in B and that each
element of x is in some element of B. Let 7 be the family of all subsets SCX such that S is a union of
elements of B. Then T is a topology for X. We say that B is a base for the topology T .

(10.4) Nets Let 7 be a topology on a set X. An order < on a set D is said to be a direction on
D provided

(V{x,y}CD)(3z€D) =x<zand y<z. (1)

Any function with domain a directed set is said to be a net. A net w from one directed set D with
direction < into another directed set E with direction X is said to be co-final if

(VeeE)(3deD)(VxeD: d<x) e<w(x]. (2)

If D and E are as above, w is a co-final net in E and if v is a net with domain E, then vow is said to be a
subnet of v. A net defined on a directed set D is said to be eventually in a set S if

(3deD)(VxeD: d=x) wv(x) €S (3)

and to be frequently in a set S if
(VdeD)(3xeD) d=<x and v(x)€S. (4)

A net v is said to converge to an element x of X if

(VOeT:xe0) wviseventually in O. (5)

The point x is said to be the limit of the net v.
The proofs of the following facts are pedestrian:
(VSCcX) Sisopen <= each net convergent to a point in S is eventually in S, (6)

(VScX) Sisclosed <= the limit of any convergent net in S is in S, (7)
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(VSCcX) Siscompact <« each netin S has a subnet convergent to an element of S.

(8)

(10.5) Continuity Let 7; be a topology on a set X; and T3 be a topology on a set Xs. A function

f| X1 Xj is said to be continuous provided
VOeT:) T(OeT
or, equivalently
(Vw convergent to weX;) fow converges to f(w) in Xs.

The proofs of the following facts are pedestrian:

the composition of any two continuous functions is continuous,
(VSCX;: S is compact)(V fl Xy X, continuous) f (S) is compact in X,

and (VSCXy: S is connected) (¥ fl Xy X, connected) T (S) is connected in Xa,

(1)

(10.6) Metrics A metric d is a non-negative function on the cartesian product of a set X with

itself such that??
(V{xy}cX) dllxyll=0 «— x=y,

(V{xy}cX) dilxyl)) =d(lyx]
and (V {X7Y7Z}CX) d [X,Y} +d [y,ZJ <d [X,ZJ .

The ball of radius r around a point x in X, for r> 0, is the set
{teX:d(xt))<r}.

The family of all such balls forms a base for a metric topology.

(4)

A metric topology is Hausdorff. A subset of a metric space is compact if, and only if, each sequence has

a convergent subsequence.

33 The value d((x,y]) of d at an ordered pair (x,y] is usually abbreviated to d(x,y).
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13. Eponymy
Abelian (group and libra): Henrik Abel was born in Nedstrand, Norway in 1802 and died in 1829.

Euclidean (plane and space): Euclid of Alexandria lived in Greece and Egypt circa 300 BC.

Gaussian (plane): Johann Carl Friedrich Gauss was born in Braunschweig, Germany in 1777 and died
in 1855.

Hausdorff (topological space and maximality principle): Felix Hausdorff was born in Breslau, Germany
in 1868 and died in 1942.

Klein (4-group): Christian Felix Klein was born in Diisseldorf, Prussia in 1849 and died in 1925.

Riemann (sphere): Bernhard Riemann was born in Brelenz, Hanover in 1826 and died in 1866.
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